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Abstrat A general quantum onstraint of the form Cˆ = −
∂
2
∂T2
⊗ Bˆ − Iˆ ⊗ Hˆ (realized in
partiular in Loop Quantum Cosmology models) is studied. Group Averaging is applied to dene
the Hilbert spae of solutions and the relational Dira observables. Two ases are onsidered. In
the rst ase, the spetrum of the operator
1
2
p
2
Bˆ − Hˆ is assumed to be disrete. The quantum
theory dened by the onstraint takes the form of a Shrödinger-like quantum mehanis with
a generalized Hamiltonian
p
Bˆ−1Hˆ . In the seond ase, the spetrum is absolutely ontinuous
and some peuliar asymptoti properties of the eigenfuntions are assumed. The resulting Hilbert
spae and the dynamis are haraterized by a ontinuous family of the Shrödinger-like quantum
theories. However, the relational observables mix dierent members of the family. Our assumptions
are motivated by new Loop Quantum Cosmology models of quantum FRW spaetime. The two
ases onsidered in the paper orrespond to the negative and, respetively, positive osmologial
onstant. Our results should be also appliable in many other general relativisti ontexts.
PACS numbers: 04.60.Kz, 04.60.Pp, 98.80.Q
I. MOTIVATION TO UNDERSTAND QUANTUM CONSTRAINTS
To onstrut a anonial quantum theory out of the lassial theory with onstraints, like quantum gravity, one
usually employs Dira program, in whih the physial Hilbert spae is built out of the spae of solutions to the
onstraints represented as quantum operators ating in the kinematial spae. The formulation of the program however
allows for a ertain amount of ambiguity in performing partiular steps. One of its soures is the identiation of
the preise onstraint ondition, that is the exat mehanism, via whih the onstraint operator selets the physial
Hilbert spae. Another one is the formulation (and meaning) of the physial evolution of the system. A proposal
whih in many examples provides a systemati way to address the rst issue is known as Group Averaging [1, 2℄. That
framework ombined with the idea of partial or relational observables [4, 5℄, provides also in a preise way the
solution to the seond problem. Therefore it seems to be the most promising tool to omplete the task of onstruting
anonial quantum gravity.
One of the formulations of suh theory being partiularly lose to the point of ompletion is Loop Quantum
Gravity [6, 7, 8℄ oupled with Brown-Kuhar dust elds [9℄. There one selets one of the dust elds as internal time
and deparametrizes the theory with respet to it. The Hamiltonian onstraint is reformulated as the Shrödinger
equations generating an evolution with respet to seleted time. On the other hand, one an apply the methods
of group averaging diretly to the onstraints in their original form. That possibility in turn opens the room for a
question, whether both physial pitures resulting from these approahes do neessarily oinide.
The suggestion, that the answer to this question might be nontrivial omes from Loop Quantum Cosmology [10,
11, 12℄ whih onstitutes a good testing ground for Loop Quantum Gravity. The LQC models share more ommon
features with LQG than any other example [11, 13℄. At the same time they are tehnially simple enough to study the
mathematial properties of quantum onstraints [14℄, the struture of physial Hilbert spae, the quantum solutions
and observables [15, 16℄. In the ontext of onsidered problem the signal of possible inequivalene (at least in some
situations) shows up at the level of the basi properties of the operators involved in eah approah. Indeed, the studies
of the models of Friedman-Robertson-Walker universes with positive osmologial onstant reveal [13, 17, 18℄ that,
while the quantum Hamiltonian onstraint (the substrate for group averaging) operator is essentially self-adjoint, the
evolution operator in the Shrödinger piture is not. In onsequene the two approahes seem to give dierent answers
even to the question whether the dened physial evolution is unique.
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2We address the issue of equivalene between group averaging and Shrödinger piture in this artile. For the
universality we fous our attention on an (abstrat) onstraint, whose struture and ertain properties (relevant
for this problem) oinide with the ones of the Hamiltonian onstraint desribing FRW model with nonvanishing
osmologial onstant in LQC [17, 18, 19℄. This makes the results (perhaps after suitable generalization) extendable
to more general ases, potentially inluding in partiular LQG with Brown-Kuhar dust elds.
To start with, let us dene, what we understand in our studies as the Shrödinger piture. For that let us onsider
a quantum onstraint operator
Cˆ1 =
1
i
∂
∂T
⊗ Iˆ− Iˆ⊗ Hˆ (1.1)
dened in the Hilbert spae L2(R) ⊗ H where ∂
∂T
is the derivative operator. If we write the ation of the quantum
onstraint operator as
(Cˆψ)(T ) =
1
i
∂
∂T
ψ(T ) − Hˆψ(T ) , (1.2)
then everybody will agree that a reasonable denition of solution to Cˆ1 is:
a funtion
R ∋ T 7→ ψ(T ) ∈ H , (1.3)
suh that
1
i
∂
∂T
ψ(T ) = Hˆψ(T ) . (1.4)
The struture of the solutions to Cˆ1 takes then the struture harateristi to the Shrödinger quantum mehanis
with the Hamiltonian operator Hˆ and the Hilbert spae H [4℄. An operator dened in H (kinematial observable)
denes an operator ating on the solutions of the onstraint (Dira observable) provided an instant T = T0 is given.
In the Speial Relativity ontext, a more ommon example is a quadrati onstraint, that is
Cˆ2 = − ∂
2
∂T 2
⊗ Iˆ− Iˆ⊗ Hˆ . (1.5)
whih however an be redued to the previous ase by employing the deomposition onto positive and negative
frequeny setors and writing (1.5) as
1
i
∂
∂T
ψ(T ) = ±
√
Hˆ ψ(T ) . (1.6)
A further ompliation emerges in the General Relativity ontext, where a quantum onstraint operator an take
the following form,
Cˆ = − ∂
2
∂T 2
⊗ Bˆ − Iˆ⊗ Hˆ , (1.7)
where Bˆ is an operator in H. Then, typially one turns the onstraint into the following equation
1
i
∂
∂T
ψ(T ) = ±
√
Bˆ−1Hˆ ψ(T ), (1.8)
dened in the Hilbert spae obtained from H by a suitable hange of the salar produt [15, 22℄. This presription, to
whih we will refer to as the Shrödinger piture, has been in partiular quite extensively employed in the desription
of the dynamis of LQC models (see [16, 17, 19, 20, 21℄ and in the modied form adopted to polymeri spae struture
[23℄).
On the other hand, there is being developed a more general, systemati treatment of quantum onstraint expressed
by a self-adjoint operator of arbitrary form. The spae of solutions is dened by the spetral deomposition of the
quantum onstraint operator, the Dira observables are onstruted by using relational observables [5℄ This is a speial,
1-onstraint ase of the Group Averaging (GA) method (or rigging map) [1, 2, 8℄. In the simplest ases (1.1,1.5),
the spetral/GA method is known to give simply (1.4,1.6). Our goal, is appliation of the spetral/GA methods to
a quantum onstraint of the form (1.7), derivation of the Hilbert spae of the solutions and omparing it with the
3struture provided by the Shrödinger piture following from (1.8). We onsider two ases, given by two dierent sets
of assumptions. In the rst ase, denoted here as the disrete one, the spetrum of the operator Hˆ is assumed to be
disrete. The results of the group averaging are equivalent to those of the Shrödinger piture. An advantage in this
ase is that we arrive to the result via systemati appliation of a quite general method. In the seond ase (denoted
as ontinuous one) the spetrum of H is absolutely ontinuous. In here we impose some additional assumptions
onerning the asymptoti behaviour of the eigenfuntions forming the basis in the spetral deomposition. In this
example, the derived spae of solutions has a more interesting struture. In partiular, it turns out that while the
right hand side of (1.8) an not be uniquely dened, the result of group averaging is unique. The observables derived
systematially via the latter method have in this ase even more suprising properties. At this point however the
reader should be aware, that, while the latter ase was denoted as ontinuous, the ontinuity of the spetrum of Cˆ
is not enough to ensure the reported properties. In partiular there exist examples, for whih both the spetrum of
Bˆ−1Hˆ and (the part of) the spetrum of Cˆ are ontinuous, nonetheless both the operators dene a unique physial
evolution. The asymptoti properties of the basis funtions play here an essential role.
We introdue the disrete and ontinuous ase by formulating the assumptions it satises, rather then by giving two
spei examples. However, examples do exist and we found them in Loop Quantum Cosmology, more preisely in the
model of the massless salar eld oupled with the homogeneous, isotropi universe [16, 17, 19℄. The properties of the
quantum salar onstraint operator depend there on the sign of the osmologial onstant [13℄. The quantum salar
onstraint with the negative osmologial onstant is a spei example of the disrete ase, whereas the onstraint
with the positive osmologial onstant provides the original example of the ontinuous one. Our attention to the
problem onsidered in this artile was drawn exatly by ertain puzzling observation onerning the quantum salar
onstraint orresponding to the positive osmologial onstant. On the one hand, the operator on the right hand side
of (1.8) admits many inequivalent self-adjoint extensions. Eah extension denes a distint Hilbert spae of solutions
and a distint quantum theory, whih however provide same physial preditions. On the other hand, the quantum
onstraint operator Cˆ (1.7) has a unique self adjoint extension for arbitrary osmologial onstant [13℄ and via the
spetral/GA method it denes a unique quantum theory. Then the natural question arises: what is the relation
between the solutions aording to the spetral/GA method, and the solutions dened by eah self adjoint extension
of the right hand side of (1.8)? Also, how do the Dira observables enter those spaes of solutions? The results
presented here provide a solution to that puzzle.
The paper is organized as follows. We start with a general introdution to the Group Averaging in Setion II
(subsetions IIA and II B). In the desription we smuggle in a somewhat original, generalized formulation. Our
formula for the relational observables is slightly dierent than that in [5℄ and oinides with that of [1℄.
After the general introdution we disuss in more detail the spetral/GA method in a ase of a onstraint whih
has the struture onsidered in our paper, that is the onstraint harateristi to the model of FRW universe. This
provides the starting point to the tehnial part of our paper.
We start it with the summary (in Setion III) of the results derived in the paper. The atual detailed derivations are
ontained in the following Setions IV and V dediated, respetively, to the disrete and ontinuous ase. Eah of the
setions is onluded with an individual short summary and disussion, however the main results, their onsequenes
and possible extensions are disussed in the onluding Setion VI.
II. GROUP AVERAGING FOR A FINITE DIMENSIONAL GROUP
The group averaging proedure introdued in [2℄ is a powerful and quite universal method allowing to dene physial
Hilbert spae in onstrained quantum systems as well as provides a way to build Dira observables. In this setion
we present a brief introdution to this proedure, onsidering it on two levels: lassial and quantum. After general
disussion we fous on the systems with 1 onstraint, represented by the models of FRW universe studied in LQC.
A. Classial formulation
Consider a lassial theory in a phase spae Γ equipped with a Poisson braket {·, ·}. Suppose the physial phase
spae of the system is a submanifold of Γ satisfying
C1 = 0 , . . . , Cd = 0 , (2.1)
where C1, ..., Cd are some real valued funtions on Γ whih satisfy the Poisson braket relations
{CI , CJ} = aKIJCK , (2.2)
4with the oeients aKIJ being onstant numbers. Then, the onstraints dene a d-dimensional Lie group, say G, of
the gauge transformations of the theory. The right ation of the group will be denoted by
G× Γ ∋ (g, γ) 7→ γg . (2.3)
Every onstraint funtion CI orresponds to a left invariant vetor eld ξI tangent to G suh that for every funtion
f : Γ→ R,
d
dt
f(γ exp(tξI)) = {f, CI}(γ) . (2.4)
A (strong) Dira observable of that theory, is every funtion F : Γ→ R invariant with respet to the ation of the
gauge group G. That denition is omplete, but from the point of view of the appliations in the quantum theory, it
is important to have an analyti formula that expresses a given Dira observable by some expliitly known funtions
on Γ and their Poisson brakets. Suh observables are provided by the framework of the relational observables [5℄. We
introdue now our generalized formulation of this framework motivated by [1℄ (in the main part of our paper whih
onerns a 1-onstraint ase, our formula anyway redues to that of [1℄).
Given: a funtion F : Γ → R, a point γ ∈ Γ, and g ∈ G, we will denote by F (γ·), and, respetively, F (·g) the
following funtions
F (γ·) : G ∋ g 7→ F (γg) , and F (·g) : Γ ∋ γ 7→ F (γg) . (2.5)
To turn funtions dened on Γ into Dira observables, we hoose suiently generi referene funtions T I : Γ→ R,
I = 1, ..., d. Ideally, eah set of points dened by ondition
T 1 = t1, . . . , T d = td, t1, . . . , td ∈ R (2.6)
should dene odimension d submanifold in Γ transversal to the orbits of the group G and interseting eah orbit in
at most one point. This onditions an be relaxed, by assuming it holds on a suiently small neighborhood of a
given point γ0 ∈ Γ. Then, given:
• a funtion F : Γ→ R the funtion we want to observe of a support in the neighborhood of γ0,
• a point γ ∈ Γ, and
• numbers t1, . . . , td ∈ R,
the funtion FD(T 1,...,Td,t1,....td) dened via the integral∫
G
|dT 1(γ·) ∧ . . . ∧ dT d(γ·) |F (γ·)
d∏
I=1
δ(T I(γ·)− tI) =: FD(T 1,...,Td,t1,...,td)(γ) . (2.7)
is a Dira observable, whenever well dened.
1
On the intuitive level, FD(T 1,...,Td,t1,...,td)(γ) is F (γ
′) where γ′ is the
intersetion of the gauge group orbit passing through γ with the surfae T I = tI .
The formula will be even more useful when we express it in terms of a left invariant Haar measure on G. For this
purpose we use a deomposition of eah 1-form dT I(γ·) on G into a oframe of left invariant 1-forms (ω1, . . . , ωd),
dual to a frame (ξ1, . . . , ξd) of left invariant vetor elds on G, namely
dT I(γ·)|·=g = ξJ (T I(γ·)|·=gωJ = {T I(·g), CJ}|·=γωI . (2.8)
The oframe determines a normalization of the left invariant Haar measure
dµLH = |ω1 ∧ ... ∧ ωd| . (2.9)
The integral (2.7) an now be expressed in the following form
FD(T 1,...,Td,t1,...,td)(γ) =
∫
G
dµLH(g)
1
n!
| ǫI1...Id{T 1, CI1}(γg) . . . {T d, CId}(γg) |F (γg)
d∏
I=1
δ(T I(γg)− tI) , (2.10)
whih will be used in the next subsetion as the basis for quantization.
1
The restrition on the support of f an be passed in the standard way to a partition of unity, a family of funtions (κA)A, whose
supports satisfy the suitable ondition, and suh that
P
A
κA = 1. However, still the integral may take innite value or be undened
at a given point γ0, for example when both the group G and the orbit passing through γ, respetively, is one dimensional, but there are
innitely many dierent elements g1, ..., gn, ... ∈ G whih at on γ as identity.
5B. Quantization
A general sheme of the orresponding quantum theory is not omplete. Some tehnial details an be xed only
when we pass to examples (it is oneivable in some pathologial ases the sheme does not work). We will however
suessfully omplete it for the disrete and ontinuous ase studied in Setion IV and V.
Let Hkin be a Hilbert spae in whih to every funtion F : Γ → R we assign an operator Fˆ dened modulo the
ordering ambiguity, and suh that the known quantization relations are satised. In partiular, let Cˆ1, ldots , Cˆd be
quantum onstraint operators and suppose
G ∋ g 7→ U(g) ∈ U(Hkin) (2.11)
is the orresponding unitary representation of the group G. (We are assuming here the quantum onstraints generate
a group of unitary transformations in the Hilbert spae Hkin isomorphi to G.)
Our aim now is to dene a quantum ounterpart of the lassial onstraint equation CI = 0, and the quantum
Dira observables, quantum ounterparts of (2.10).
Suppose now there exists a deomposition of Hkin into irreduible unitary representations of G,
Hkin ≡
∫ ⊕
dµ(ρ)Hkin,ρ , (2.12)
where throughout this paper we use the notion of a formal integral of Hilbert spaes dened for a measurable spae
(X,µ), and a family of the Hilbert spaes (Hx)x∈X equipped with the Hilbert spae struture
(vx)x∈X + α(wx)x∈X := (vx + αwx)x∈X , (2.13a)
((vx)x∈X | (wx)x∈X) :=
∫
dµ(x)(vx|wx)x . (2.13b)
The formal integral Hilbert spae and its elements, respetively, will be denoted by∫ ⊕
X
dµ(x)Hx ∋
∫ ⊕
X
dµ(x)vx . (2.14)
Here, the measurable set X is the spae of the irreduible representations of G, and eah of the Hilbert spaes Hkin,ρ
has the struture
Hkin,ρ = Vρ ⊗ H˜kin,ρ , (2.15)
where the ation of the group G in Hkin passes to
U(g)(vρ ⊗ ψ˜ρ)ρ∈X = (ρ(g)vρ ⊗ ψ˜ρ)ρ∈X . (2.16)
To dene solutions to the quantum onstraints CˆI , I = 1, . . . , d we need some extra struture of ontinuity around
the trivial representation ρ0, whih makes a limit
lim
ρ→ρ0
Hkin,ρ (2.17)
well dened. For example, this is the ase if there is a natural isomorphism H˜kin,ρ ≡ H˜kin,ρ0 for ρ suiently lose
to ρ0. Suh a situation may our in ase where all onstraints ommute. As usually ≡ means the existene of a
unitary isomorphism between the Hilbert spaes. The methods for singling out Hkinρ0 are presented in [3℄. We briey
sketh them in Appendix A.
Having said all that, we dene:
Denition 1. A solution to a quantum onstraint dened by the onstraint operators Cˆ1, . . . , Cˆd is eah element ψ
of the Hilbert spae Hkin,ρ0 in the deomposition (2.12). A Hilbert spae of solutions is the Hilbert spae Hkin,ρ0 .
Eah solution ψ ∈ Hkin,ρ0 to the onstraints an be thought of as a funtional
H ∋ ψ′ 7→ (ψ |ψ′ρ0)ρ0 (2.18)
well dened on the domain of elements of Hkin represented by families (ψ′ρ)ρ ontinuous in ρ (this is where the notion
of the ontinuity is relevant).
6Having the physial Hilbert spae dened, lets turn our attention to the observables. A Dira observable FˆD is an
operator in H orresponding to a lassial Dira observable FD and ompatible with the deomposition (2.12) in the
natural way
FˆD(ψρ)ρ = (Fˆ
D
ρ ψρ)ρ . (2.19)
We will assume (and prove in he ases onsidered below and introdued in Setion I) some ontinuity of FˆD(ψρ)ρ
with respet to ρ on the vetors from the domain D. A formal denition will be provided in appendix A. The Dira
observable dened in the Hilbert spae of solutions is the omponent operator FˆDρ0 ating in the physial Hilbert spaeHρ0 . An equivalent denition of this operator in terms of (2.18), is provided just by the duality.
In the lass of examples onsidered in this paper, the quantized version of the integral (2.10), that is
FˆD(T 1,...,Td,t1,...,td)(γ) =
1
id
∫
G
dµLH(g)U(g)
−1 Sym
(
1
n!
| ǫI1...Id [Tˆ 1, CˆI1 ] . . . [Tˆ d, CˆId ] | Fˆ
d∏
I=1
δ(Tˆ I − tI Iˆ)
)
U(g) (2.20)
is well dened operator in the kinematial Hilbert spae H and takes the form (2.19), therefore it denes an observable
in the Hilbert spae of solution Hρ0 . The symbol Sym stands for a symmetrization making the produt of non-
ommuting operators a symmetri operator (or, at least a symmetri sesquilinear form on the domain D). Expliit
form of this symmetrization will be adjusted to spei examples in order to reover orret results for some testing
model observables.
Remark If the onstraint funtions in the lassial theory are dened modulo transformations
C′I = NJI CJ (2.21)
and NJI are funtions on Γ themselves, then the quantum ounterpart may lead to several ambiguities: fator ordering,
the partiular form of the resulting spae of solutions. We will disuss them in ontext of partiular examples studied
in the next subsetion.
C. 1-onstraint Hamiltonian systems
The struture of a onstrained Hamiltonian system onsidered in this artile stems from the Loop Quantum Cos-
mology models of isotropi and homogeneous universes (of negative in the rst example, and positive in the seond
one osmologial onstant) lled with a massless salar eld [16, 17, 19℄. In the paper we will introdue only those
general elements and assume only those general properties whih are needed for our haraterization of the solutions
to the quantum onstraint and for the denition of the Dira observables. In this sense the presented onstrutions
will be somehow abstrat, but diretly appliable to the models they stem from. Although, our investigation regards
the quantum theory, we invoke rst some information about the lassial one in order to provide an intuition needed
as a basis for the onstrutions implemented in the quantum models.
The kinematial phase spae Γkin is the Cartesian produt Γsc × Γgr, where Γsc = {(T,Π) ∈ R2} (T is the
homogeneous salar eld and Π its momentum), with the Poisson braket
{F,G}sc = ∂F
∂T
∂G
∂Π
− ∂F
∂Π
∂G
∂T
, (2.22)
and Γgr = {(v, pv) ∈ R2} is the part orresponding to the gravitational degrees of freedom.
The gauge group G is 1-dimensional, isomorphi to R. The left invariant vetor elds tangent to it orrespond to
one onstraint
C =
1
2
Π2B + Cgr , (2.23)
where B and Cgr are funtions dened on the gravitational phase spae Γgr. The funtion C is at the same time the
Hamiltonian of the theory, that is it generates the physial evolution of the system.
The system admits one obvious Dira observable: the funtion Π. To onstrut the other ones we apply the method
desribed in Setion IIA and speied via an integral (2.20). As a time variable we hoose the funtion T .
For the 1-dimensional gauge group and upon the hoies speied above, the integral (2.20) orresponding to a
given kinematial observable F (a funtion dened on Γsc × Γgr) reads
FD(T,t)(γ) =
∫
dτ |Π(γ(τ))B(γ(τ)) |F (γ(τ))δ(T (γ(τ)) − t) , (2.24)
7where
τ 7→ γ(τ) , γ(0) = γ (2.25)
is the ow generated by C, and the Poisson braket in (2.10) was replaed via use of the identity,
{T,C} = ΠB . (2.26)
The question relevant for our studies is what is the form and properties of FD(T,t), one as F we selet a Dira
observable, that is if
{F,C} = 0 . (2.27)
The answer to it depends on the properties of the ow generated in the phase spae by the Hamiltonian onstraint C.
If the funtion T restrited to every orbit of the ow of C, ranges from ∓∞ to ±∞, and the map G ∋ g 7→ γg is
1-1, then
FD(T,t)(γ) = F (γ) whenever Π(γ) 6= 0 . (2.28)
On the other hand
Π(γ0) = 0 , and T (γ0) 6= t implies FD(T,t)(γ0) = 0 . (2.29)
For this ase an appliation of the onstrution (2.20) to Π itself gives the funtion itself
ΠD(T,t) = Π . (2.30)
An example of a lassial model of that property is provided by the disrete ase dened in Setion II and studied in
detail in Setions III and IV.
Another possibility, represented by the ontinuous ase studied in Setion V, is that T restrited to eah orbit of
the ow of C is bounded, and its supremum/minimum T±(γ) depends on a point γ. Then, the funtion FDT,t(γ)
orresponding to given Dira observable F and hosen value of the parameter t takes the form
FD(T,t)(γ) =
{
F (γ) , if t ∈ [T−(γ), T+(γ)] ,
0 , otherwise.
(2.31)
The above formula is a generalization of (2.29) whih thus an be thought of as just a speial ase of it.
Having at our disposal the above lassial framework, whih is adopted to the 1-onstraint ase studied in this
subsetion, we an now turn our attention to its quantum ounterpart. We onstrut it by restriting the presription
presented in Setion II B in a way analogous to the one performed above on the lassial level.
For onsidered lass of systems the kinematial Hilbert spae takes the following form,
Hkin = L2(R)⊗Hgr , (2.32)
with Hgr being some general Hilbert spae whose detailed properties are not relevant for our studies in the disrete
ase, and they will be further speied in the ontinuous ase. The salar produts in the Hilbert spaes Hkin, and
Hgr, respetively, will be denoted by (·|·)kin, and, respetively, (·|·)gr. The operators Tˆ and Πˆ are dened in L2(R) as
Tˆψ(T ) = Tψ(T ) , Πˆψ(T ) =
1
i
∂
∂T
ψ(T ) . (2.33)
The quantized salar onstraint takes the following form
Cˆ =
1
2
Πˆ2 ⊗ Bˆ + Iˆ⊗ Cˆgr , (2.34)
where the operators Bˆ, Bˆ−1 and Cˆgr are dened in a same domain Dgr ⊂ Hgr, eah of them is essentially self adjoint.
We will be also assuming that Bˆ is bounded (Bˆ−1 may be unbounded).
The deomposition (2.12) needed for the identiation of the spae of solutions is provided just by spetral deom-
position of the operator Cˆ, that is
Hkin ≡
∫ ⊕
dµ
Cˆ
(c)Hkin,c . (2.35)
8where Hkin,c is a family of the Hilbert spaes, labeled by c ∈ R and having a natural vetor spae struture and the
Hilbert produt
((ψc)c|(ψc′)c′) =
∫
dµ
Cˆ
(c)(ψc|ψ′c)c . (2.36)
with the ation of the operator Cˆ being
Cˆ(ψc)c = (cψc)c . (2.37)
For the onstraint of the form (2.34), to nd the spetral deomposition of the operator Cˆ, it is easier to rst use
the spetral deomposition dened by the operator Πˆ
Hkin =
∫ ⊕
dµΠˆ(p)Hkin,p , (2.38)
as it is quite expliit,
dµΠˆ(p) = dp , Hkin,p = Hgr . (2.39)
The unitary map L2(R)⊗Hgr ∋ ψ 7→
∫ ⊕
dpψp is in this ase dened by
ψ(T ) =
∫ ∞
−∞
dp√
2π
eipTψp , (2.40)
where ψ is thought of as a Hgr valued funtion T 7→ ψ(T ).
In the next step we apply the above deomposition, onsidering for eah p ∈ R the operator
Cˆp :=
1
2
p
2Bˆ + Cˆgr , (2.41)
dened in the domain Dgr ⊂ Hgr, and the spetral deomposition orresponding to it. As a result we arrive to a joint
spetral deomposition
Hkin =
∫ ⊕
dpdµ
Cˆp
(c)Hkin,pc . (2.42)
As the value of p enters expliitly into the measure dµ
Cˆp
(c), the above onstrution is sensitive to the order in whih it
was performed: Πˆ rst, Cˆ seond. In onsequene one annot immediately extrat the Hilbert struture orresponding
to the spae of the solutions to the onstraint. However, the joint spetrum endowed with a measure is independent
of the order. To rewrite the deomposition into a useful form we need to invert the order, by reexpressing the measure
in (2.42) as
dpdµ
Cˆp
(c) = dµ′(c)dµ′c(p) =: dµCˆ(c)dµc(p) , (2.43)
and onstruting the desired deomposition
Hkin =
∫ ⊕
dµ
Cˆ
(c)
∫ ⊕
dµc(p)Hkin,pc . (2.44)
On the tehnial level our aim is the haraterization of the struture of the Hilbert spaes
Hkin,c =
∫ ⊕
dµc(p)Hkin,pc (2.45)
in a neighborhood of c = 0, as well as the struture of its elements.
One we have the Hilbert spae struture of the spae of solutions to the onstraint at our disposal, the next task
is to dene useful Dira observables, by providing a preise meaning to the formula (2.20). In the ase at hand that
integral reads
FˆD(T,t) =
∫
dτe−iτCˆSym
(
| ΠˆBˆ | Fˆ δ(Tˆ − tˆI)
)
eiτCˆ , (2.46)
9and is identied with the following sesquilinear form dened in Hkin
(ψ, ψ′) 7→ (ψ | FˆD(T,t)ψ′) :=
∫
dT
∫
dτ
(
(eiτCˆψ)(T ) |
(
Sym
(
| ΠˆBˆ | Fˆ δ(Tˆ − tˆI)
)
(eiτCˆψ′)
)
(T )
)
gr
. (2.47)
In the examples studied below, that form will be dened by an operator preserving the spetral deomposition of the
operator Cˆ and dening by the duality an operator in eah subspae Hkin,c, in partiular at c = 0.
It is worth remembering, that the operator Πˆ is a quantum Dira observable itself, without using the integral.
However, we will also onstrut ΠˆD(T,t) for the omparison.
III. THE RESULTS
For the rest of this paper we fous on the detailed studies of the systems with the struture of the onstraints as
dened in Setion II C. For the larity of the presentation, we provide in this setion an outline of the results as well
as the detailed sketh of the tehniques used to arrive to them. The detailed proofs and derivations are presented
in the next two setions, orresponding, respetively, to the disrete and ontinuous ase, as dened at the end of
Setion I.
The departure point for the rest of this paper is the spetral/GA framework (2.322.47). We examine the two
ases mentioned above and ontrast the dierenes. The disrete ase turns out to be a model ase in whih the
Hilbert spae of solutions to the onstraint and the Dira observables derived by using the spetral/GA framework
(2.322.47) oinide with those following from the Shrödinger piture (1.8). In the ontinuous ase, on the other
hand, the result of (2.322.47) is dierent, than the one obtained from (1.8) and the properties of the observables are
even more surprising.
Both the onsidered ases are dened just by a set of assumptions outlined below:
I. Disrete ase (Setion IV) For every p ∈ R, the operator Cˆp = 12p2Bˆ+ Cˆgr is assumed to dene an orthonormal
basis {e
p,cn(p) |n ∈ N} of the Hilbert spae Hgr whih onsists of eigenvetors,
Cˆpep,cn(p) = cn(p)ep,cn(p) . (3.1)
Additional tehnial assumptions ensure the ontinuity, dierentiability and non-degeneray of relevant funtions
onstruted from the map (p, n) 7→ (cn(p), ep,cn(p)) (of ourse the map is even in the variable p). We are also
assuming that
Cˆgr ≤ −c0 < 0 . (3.2)
II. Continuous ase (Setion V) The Hilbert spae Hgr is further speied as L2(R, dν0) with a suitable measure.
The domain on whih eah of the operators Cˆp inluding Cˆgr is essentially self adjoint is the subspae Dgr of
C∞0 (R) (smooth funtions of the ompat support)
2
. The operators Bˆ and Cˆgr are extended by the duality
onto the spae of funtions on R dual to C∞0 . For every p ≥ 0, there is a normalized to the Dira delta basis
{ep,c | c ∈ R} of Hgr whih onsist of the eigenfuntions of Cˆp ,
Cˆpep,c = c ep,c . (3.3)
The key assumption whih makes this ase essentially dierent
3
than the previous one, onerns the asymptoti
behaviour of the eigenfuntions, namely we impose
lim
V→∞
∫ V
−V
dν0(v)
(
ep,c(v)Cˆgrep,c′(v) − Cˆgrep,c(v)ep,c′(v)
)
= b sin(a(p, c)− a(p, c′)) , (3.4)
where b ∈ R is a onstant and (p, c) 7→ a(p, c) is a funtion. Again, extra tehnial assumptions are imposed to
ensure the non-degeneray and the dierentiability of the relevant strutures.
2
In the LQC example whih gave rise to this ase, the measure dν0(v) =
P
n∈N δ(v − n), and the dierentiability does not play a role
3
The obvious dierene is the ontinuity of the spetrum of Cˆp , but it would not be suient for the peuliar properties that emerge in
that ase.
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For eah of the two ases dened above we onstrut the physial Hilbert spae and Dira observables by applying
the methods speied in Setion II C. This is performed in the following sequene of steps:
• The rst step is nding the Hilbert spaes Hkin,c, omponents of the righthand side of (2.42) by identifying
the omplete spetral deomposition of the quantum onstraint operator Cˆ = 12 pˆ
2 ⊗ Bˆ + 1 ⊗ Cˆgr. Sine in both
the disrete and the ontinuous ase c = 0 is a measure zero point of the spetrum, we rst onsider solutions to a
quantum onstraint Cˆ − c for arbitrarily xed value c ∈ R in a neighborhood of c = 0, before setting c = 0. For
both ases we dene a set of (auxiliary) Hilbert spaes Hkin,c whih are formed by the funtions (solutions to the
onstraint)
Ep,c : T 7→ 1√
2π
eipT ep,c, . (3.5)
The set of the values p and the salar produt depend on the ase.
In the ontinuous ase, p runs through the set of all the real numbers, and the salar produt in Hkin,c (that is the
physial salar produt of Hkin,c) is
(Ep,c |Ep′,c)kin,c = δ(p− p′) . (3.6)
In the disrete ase, the value of p in Ep,c ranges a disrete set {±pn(c) : n ∈ N} depending on the xed value of
c, where, given n, the funtion c 7→ pn(c) is the inverse funtion to p 7→ cn(p) restrited to p ≥ 0. Notie, that
pn(c) > 0 , for every n ∈ N (3.7)
due to the assumption c ∈ (−c0, c0).
The salar produt in Hkin,c equals in that ase
(E
pn(c),c |Epn′(c),c)kin,c =
dcn
dp
|
p=pn(c)δn,n′ = (E−pn(c),c |E−pn′(c),c)kin,c , (3.8a)
(E−pn(c),c |Epn′(c),c)kin,c = 0 . (3.8b)
• The seond step, is to view the quantum onstraint and its solutions (3.5) as a unitary evolution in a suitable
Hilbert spae Hc formed by the eigenvetors/eigenfuntions ep,c and equipped with a new salar produt (· | ·)c whih
replaes the old one (·|·)gr. The new salar produt (·|·)c is determined by (3.8a,3.8b) and, respetively (3.6), to be
(e
pn(c),c | epn′(c),c)c = 2π(
dpn(c)
dc
)−1δn,n′ , in the disrete ase, (3.9a)
(ep,c | ep′,c)c = δ(π − π′) , in the ontinuous ase, (3.9b)
where p ∈ R+, beause e−p,c = ep,c.
With the salar produt (· | ·)c, the produt (· | ·)kin,c between the solutions to the quantum onstraint an be
evaluated at any instant of the variable T in Ep,c(T ) =
1√
2pi
eipT ep,c. In the disrete ase, the equalities (3.8a,3.8b)
give
(E
pn(c),c |Epn′(c),c)kin,c = (Epn(c),c(T ) |Epn′(c),c(T ))c , (3.10a)
(E−pn(c),c |E−pn′(c),c)kin,c = (E−pn(c),c(T ) |E−pn′(c),c(T ))c , (3.10b)
(E−pn(c),c |Epn′(c),c)kin,c = 0 . (3.10)
whereas in the ontinuous one due to (3.6) the salar produt reads
(Ep,c |Ep′,c)kin,c = (Ep,c(T ) |Ep′,c(T ))c , for ππ′ ≥ 0 , (3.11a)
(Ep,c |Ep′,c)kin,c = 0 , otherwise. (3.11b)
Having at our disposal the salar produt we an dene the unitary evolution. To do so we note that a map
(ep,c, ep′,c) 7→ E|p|,c + E−|p|,c (3.12)
determines a unitary Hilbert spae isomorphism
Hc ⊕Hc → Hkin,c . (3.13)
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By H+kin,c and, respetively, H−kin,c we denote the images of the rst, and respetively the seond term.
Finally, the unitary evolution
U(T ) : Hc ⊕Hc → Hc ⊕Hc (3.14)
ditated by the quantum onstraint Cˆ − cIˆ amounts to
(ep,c, ep′,c) 7→ (E|p|,c(T ), E−|p′|,c(T )) . (3.15)
Note that up to this point the only dierene between the disrete and the ontinuous ase is in the disreteness
versus the ontinuity of the label p.
• The third step, is to nd a relation of the salar produt (· | ·)c and of the Hilbert spae Hc with Hgr and
its salar produt. This step is both important and nontrivial, beause the eigenvetors/eigenfuntions ep,c have been
dened in terms of Hgr, and given xed p, the orresponding set of ep,cs is a basis of Hgr, orthonormal in the disrete
ase, and, respetively, Dira delta-orthonormal in the ontinuous one. However, now we x c and let p be arbitrary.
The produt (· | ·)c has been introdued just by delaring its values (ep,c|ep′,c)c. A lue in how to relate these two
inner produts is provided by the following equation satised by the eigenfuntions/eigenvetors ep,c,
2Bˆ−1(Cˆgr − cIˆ)ep,c = −p2ep,c . (3.16)
From the symmetry of Cˆgr follows immediately, that the operator on the left hand side is symmetri in the domain
Dgr of the operator Cˆgr with respet to a new salar produt (reall that Bˆ is bounded)
(· | ·)
Bˆ
:= (· | Bˆ·)gr . (3.17)
The Hilbert spae obtained from Hgr endowed with this new salar produt will be further denoted as Hgr,Bˆ.
In the disrete ase one an retrieve the relation between salar produts almost immediately, namely, given c, one
an show that the set of vetors {e
pn(c),c ∈ Hgr |n ∈ N} turns out to be orthogonal in Hgr,Bˆ, as
(e
pn(c),c|Bˆepn′(c),c)gr =
1
pn(c)
dcn
dp
∣∣∣
p=pn(c)
δn,n′ , (3.18)
and the salar produt (· | ·)c an be reexpressed in the following way,
(e
pn(c),c|epn′(c),c)c = (epn(c),c|pn′(c)Bˆepn′(c),c)gr . (3.19)
The ontinuous ase is a bit more ompliated. There, the analogy would be omplete if it was true that
(ep,c|Bˆep′,c)gr equal 1
p
δ(p−p′). It is not the ase, though. Instead, the derivation of the produt reveals the following
result
(ep,c|Bˆep′,c)gr = 2b sin(a(p, c)− a(p
′, c))
p
2 − p′2 . (3.20)
It follows then, that again eah ep,c ∈ Hgr,Bˆ and the produt equals
(ep,c|Bˆep,c)gr = b
p
∂a(p, c)
∂p
. (3.21)
Combining (3.20,3.21) with the denition (3.9b) of the salar produt (· | ·)c we nd the desired relation
(ep,c|ep′,c)c = (ep,c|p′Bˆep′,c)gr 1
b
δ(sin(a(p, c)− a(p′, c))) . (3.22)
The onsequene of these results (3.19) in the disrete and (3.22) in the ontinuous ase, is that the spae of
solutions to the quantum onstraint Cˆ − c an be represented in terms of the unitary evolutions in the Hilbert spae
Hgr,Bˆ. The ontinuous ase however is essentially dierent than the disrete one. Let us now disuss the nature of
the dierene with a bit more detail.
In the disrete ase, the Hilbert spae Hc an be identied with (unitarily mapped onto) a subspae of the Hilbert
spae Hgr,Bˆ, by means of a unitary embedding
ep,c 7→
√
p ep,c . (3.23)
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The operator 2Bˆ−1(Cˆgr − cIˆ) dened in the domain spanned by the vetors epn(c),c, n ∈ R, is essentially self adjoint,
positive, and denes a unitary ow
R ∋ T 7→ Uc(T ) := exp
(
iT
√
2Bˆ−1(Cˆgr − cIˆ)
)
. (3.24)
The spae of solutions H±kin,c of positive/negative frequeny beomes the spae of funtions
T 7→ Uc(±T )ψ(0) , ψ(0) ∈ Hc ⊂ Hgr,Bˆ . (3.25)
The only tehnial subtlety is that we would usually expet Hc to be the whole Hgr,Bˆ, whereas in our ase there seems
to be a possibility that Hc is a proper subspae.
In the ontinuous ase, ep,c ∈ Hgr,Bˆ for every p > 0 and eah c ∈ R despite of the fat, that it is normalizable to the
Dira delta with respet to (· | ·)c. Therefore, Hc an not be naturally identied with a subspae of Hgr,Bˆ. It turns out
however, that the elements of Hc an be identied (via suitable unitary map) as families of vetors (ψ(a) ∈ H(a)c )a∈[0,pi)
or, in other words, the formal integrals
∫ ⊕
[0,pi)daψ
(a)
, where for every a ∈ [0, π), the Hilbert spae H(a)c is a suitable
subspae of Hgr,Bˆ. Speially, H(a
′)
c is the ompletion of the subspae spanned by
{ep,c : a(p, c)− a′ = nπ, n ∈ Z} . (3.26)
The salar produt (· | ·)c is equivalent to
(ψ|ψ′) =
∫
[0,pi)
da(ψ(a)|ψ′(a))
Bˆ
. (3.27)
In order to write the exat unitary evolution map, we reall that the elements of Hc are formal integrals ψ =∫ ⊕∞
0
dpψ(p, c)ep,c with the salar produt
(ψ|ψ′)c =
∫ ∞
0
dpψp,cψ
′
p,c , (3.28)
thus for every ψ =
∫ ⊕∞
0
dpψ(p, c)ep,c the family
∫ ⊕
[0,pi)
daψ(a) is given by
ψ(a
′) =
∑
p:a(p,c)−a′∈piZ
(
∂a(p, c)
∂p
)− 12 √
bpψ(p, c)ep,c. (3.29)
The operator 2Bˆ−1(Cˆgr − cIˆ), dened in this ase in the entire Hilbert spae Hgr,Bˆ, in eah of the subspaes
H(a)c ⊂ Hgr,Bˆ beomes essentially self-adjoint and positive denite. In onsequene in eah subspae H(a)c this
operator denes a unitary evolution
U(T )(a)c = exp
(
iT
√
2Bˆ−1(Cˆgr − cIˆ)
)
(3.30)
and positive/negative frequeny solutions of the quantum onstraint Cˆ − c are provided by a map
T 7→
∫ ⊕
[0,pi)
daψ(a)(T ) , ψ(a)(T ) = U (a)(±T )ψ(a)(0) ∈ H(a)c . (3.31)
To arrive to the haraterization above the key idea is the onsideration of the operator Bˆ−1(12p
2Bˆ + Cˆgr − cIˆ)
instead of the original
1
2p
2Bˆ + Cˆgr − cIˆ. That lead us to the Hilbert spae Hgr,Bˆ. The unitary isometry
Bˆ
1
2 : Hgr,Bˆ → Hgr (3.32)
an be used any time, to map all the Hilbert spaes Hc, and, respetively, H(a)c and the onsiderations therein, into
subspaes H˜c, H˜(a)c ⊂ Hgr, with the operator 2Bˆ−1(Cˆgr − cIˆ) arried into the operator 2Bˆ− 12 (Cˆgr − cIˆ)Bˆ− 12 and the
elements ep,c ∈ Hgr,Bˆ mapped into e˜p,c = Bˆ
1
2 ep,c ∈ Hgr.
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• nal step of the onstrution is the derivation of the Dira observables in the Hilbert spae Hgr,c. Here, as
the starting point, we use eq. (2.46) whih maps eah operator Fˆ dened in Hkin = L2(R) ⊗ Hgr into the Dira
observables FˆD(T,t) depending on the value of the parameter t. The formula involves arbitrary symmetrization, dened
up to the ordering ambiguity.
We x the symmetrization, while analyzing Case I, requiring that it satises what follows.
i) The Dira observable f(Πˆ)D(T,t) orresponding to the operator f(Πˆ)⊗ Iˆ where f is arbitrary funtion, is
f(Πˆ)D(T,t) = f(Πˆ) . (3.33)
ii) For Fˆ = Iˆ⊗ Gˆ the matrix element of the resulting observable GˆD(T,t) between states ψ, ψ′ ∈ H±kin,c represented
(via the map (3.32)) by
T 7→ ψ˜(T ) = Uc(±T )ψ˜(0) ∈ Hgr , T 7→ ψ˜′(T ) = Uc(±T )ψ˜′(0) ∈ Hgr , (3.34)
equals
(ψ|GˆD(T,t)ψ′)kin,c = (ψ˜(t) | Gˆψ˜′(t))gr . (3.35)
The last equality oinides here with the usual Shrödinger piture ation of the operator Gˆ at the instant T = t on
the states T 7→ ψ˜(T ) evolving in Hgr. We onsider this as an indiation, that the hosen symmetrization is reasonable.
The only subtlety is hidden in the fat, that the states are restrited to the subspae H˜c of Hgr, hene the kinematial
observable Gˆ is in fat replaed by the projeted observable PGˆP , where P is the orthogonal projetion onto that
subspae.
In the ontinuous ase we apply the formula (2.46) analogously to the disrete one, additionally diretly parahuting
from it the xing of the symmetrization ambiguities. It turns out that the relational observables mix the spaes H(a)c
and H(a′)c for every pair a 6= a′. For example, the observable GˆD(T,t) orresponding to the kinematial observable
Fˆ = Iˆ⊗ Gˆ has the following matrix elements
(ψ | GˆD(T,t)ψ′)kin,c =
∫
[0,pi)2
dada′(ψ˜(a)(t) | Gˆψ˜(a′)(t))gr (3.36)
between two states ψ, ψ′ ∈ H±kin,c represented by
T 7→ ψ˜(T ) =
∫ ⊕
[0,pi)
daψ˜(a)(T ) , T 7→ ψ˜′(T ) =
∫ ⊕
[0,pi)
daψ˜′(a)(T ) . (3.37)
In partiular, even the identity observable Iˆ⊗ Iˆ is mapped into 1ˆD(T,t) suh that
(ψ | 1ˆD(T,t)ψ′)kin,c =
∫
[0,pi)2
dada′(ψ˜(a)(t)ψ˜(a
′)(t))gr , (3.38)
whih is inequivalent to Iˆ ⊗ Iˆ. As we have explained in Setion II C, this is an indiation that in the orresponding
lassial theory, the referene funtion T restrited to some physial trajetories does not ahieve every value t ∈ R,
hene even the lassial relational observable
1D(T,t) 6≡ 1 . (3.39)
Let us remind here, that in the onstrution outlined above we do not have to invoke the spei examples whih
exist in LQC. The only starting onditions are the assumptions listed at the beginning of this setion.
The material presented above onstitutes just a sketh of the onstrution. The details of the derivation are provided
in next two setions separately for the disrete (Setion IV), and respetively, the ontinuous (Setion V) ase.
IV. THE DISCRETE CASE
In this setion we apply the framework (2.322.47) to the disrete ase, whih, up to tehnial details, has been
dened in Setion III (point I). The detailed assumptions orresponding to this ase are listed in the next subsetion.
As outlined in the previous setion, our goal is the haraterization of the solutions to the onstraint, as well as the
onstrution of the relational Dira observables.
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A. Assumptions
Suppose that the operators Cˆgr, Bˆ and Cˆp (2.41) satisfy the following assumptions:
1. 0 < Bˆ < B0Iˆ, that is Bˆ is positive, bounded and invertible (the inverse may be unbounded)
2. For every p ≥ 0, there is an orthonormal basis {e
p,cn(p) ∈ Hgr}n∈N, suh that
Cˆpep,cn(p) = cn(p)ep,cn(p) , (4.1)
3. . . . < cn(0) < cn−1(0) < . . . < c1(0) =: −c0 < 0 .
4. Eah funtion p 7→ cn(p), is growing to innity in the half line (0,∞), and is dierentiable.
5. The funtions cn(p) orresponding to dierent n never interset, that is ∀p≥0 n 6= n′ ⇒ cn(p) 6= c′n(p).
6. The funtions
p 7→ e
p,cn(p) ∈ Hgr , c 7→ epn(c),c ∈ Hgr (4.2)
are ontinuous.
B. The spetral deomposition of the onstraint operator Cˆ.
Our starting point is the spetral deomposition of the operator Πˆ provided on the abstrat level in (2.42) followed by
the (also abstrat) deomposition of the operators Cˆp (2.41). To start the rst step (with respet to the desription
in Setion III) in solving the quantum onstraint, we derive from (2.42) a spetral deomposition (2.44) of Hkin
orresponding to the operator Cˆ (2.34). In order to do so we apply the assumption of Setion IVA and (2.40) to
expliitly dene the measure in (2.42), whih an be then expressed in the following, equivalent form
Ψ(T ) =
1√
2π
∫ ∞
−∞
dp
∞∑
n=1
ψ
p,cn(p)e
ipT e|p|,cn(p) , (4.3)
where Hc,p = C. As explained in Setion II C, it is still a deomposition of the operator Πˆ, further sub-deomposed
with respet to the spetral deompositions of the operators Cˆp . However, the joint spetrum
Spec = {(p, cn(p)) | p ∈ R, n ∈ N} (4.4)
of a pair of operators is independent of the order of the deomposition. In this ase the joint spetrum is the disjoint
union of urves R ∋ p 7→ (p, cn(p)) ∈ R2, labelled by n ∈ N. Therefore the Hilbert spae Hkin = L2(R) ⊗ Hgr is
unitarily equivalent to L2(Spec) with the measure dp
∑
n, that is
(ψ|ψ′)kin =
∫ ∞
−∞
dp
∑
n
ψ
p,cn(p)ψ
′
p,cn(p)
. (4.5)
To parametrize the nth urve (whih aounts to Spe) by the seond eigenvalue: c, we split it into two branhes,
orresponding to p ≥ 0, and, respetively, p ≤ 0,
c 7→
{
(pn(c), c) , p ≥ 0 ,
(−pn(c), c) , p ≤ 0 .
(4.6)
where pn(c) is the inverse funtion to p 7→ cn(p) on the domain p ≥ 0. Using this hange of variables we nd
(ψ|ψ′)kin =
∫ ∞
−∞
dc
∑
n≥nc
∣∣∣∣dpndc
∣∣∣∣ (ψpn(c),cψ′pn(c),c + ψ−pn(c),cψ′−pn(c),c) , (4.7)
where nc is the lowest value of n ∈ N suh that c ∈ cn(R) (in the neighborhood of c = 0 relevant for us, we have
nc = 1).
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Applying the same hange of variables in (4.3), we arrive to the expliit spetral deomposition of the operator C
enoded in the formula
Ψ(T ) =
1√
2π
∫
dc
∑
n≥nc
∣∣∣∣dpndc
∣∣∣∣ (ψpn(c)ceipn(c)T + ψ−pn(c)ce−ipn(c)T) epn(c),c . (4.8)
Note, that there are degenerate points in this deomposition at whih
dpn(c)
dc →∞, whih happens whenever pn(c) = 0.
These points may seriously aet the well-deniteness of a funtion∣∣∣∣dpndc
∣∣∣∣ψ±pn(c)ce±ipn(c)T epn(c),c , (4.9)
at pn(c) = 0. This is however not a problem in our ase, as, due to the assumption 3, no pn(c) vanishes in a suiently
narrow neighbourhoud of c = 0, the point in the spetrum we are interested in. For the sake of generality however,
we will address this issue later on (see the remark at the end of Setion IVD).
C. Solutions to the onstraint Cˆ − cˆI.
At this point, having at our disposal (4.7,4.8) we are in a position to start a haraterization of the Hilbert spae of
solutions to the onstraint dened by the onstraint operator Cˆ, that is the Hilbert spae Hkin,0. Unfortunately, the
measure dc in (4.8) is that of Lebesgue, therefore the point c = 0 of the spetrum of the operator Cˆ is of measure 0.
Therefore, as mentioned in Setion II B, a haraterization of the orresponding Hilbert spae Hkin,c=0 in the spetral
deomposition will be meaningful only in the sense of a ertain limit as c→ 0.
To speify it, we start by xing arbitrary c in the neighborhood (−c0, c0) of 0, and haraterizing the Hilbert spae
Hkin,c of the solutions to a onstraint operator Cˆ − cIˆ. This ompletes the 1st step listed in Setion III. The Hilbert
spaeHkin,c dened by the deomposition (4.8) is the linear span of a set {E±pn(c),c,n |n ∈ N}4 of Hgr valued funtions
of the variable T dened via (3.5)
E±pn(c),c(T ) =
1√
2π
e±ipn(c)T e
pn(c),c , (4.10)
and the salar produt (·|·)kin,c is suh that the above set of the funtions is orthogonal, and satises
(E
pn(c),c |Epn(c),c)kin,c =
dcn
dp
∣∣∣∣
p=pn(c)
= (E−pn(c),c |E−pn′(c),c)kin,c . (4.11)
We an split the Hilbert spae into positive and negative frequeny setors
Hkin,c = H+kin,c ⊕H−kin,c , (4.12)
where H+kin,c (H−kin,c) is spanned by the funtions Epn(c),c (E−pn(c),c). The salar produt in eah of these setors
an be expressed by a suitably modied salar produt in the Hilbert spae Hgr. Indeed, let us onsider the vetor
subspae
Span( e
pn(c),c |n ∈ N ) ⊂ Hgr (4.13)
and endow it with a new salar produt (·|·)c, suh that
(e
pn(c),c|epn′(c),c)c = 2π
∣∣∣∣dpndc (c)
∣∣∣∣
−1
δnn′ . (4.14)
Also, denote
Hc = Span( epn(c),c |n ∈ N ) . (4.15)
4
The value c0 is hosen to be small enough to ensure that for all c ∈ (−c0, c0) the lowest pn(c) (4.6) always orresponds to the same
urve speied in assumption 5 of Setion IVA.
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Then, for every ψ±1 , ψ
±
2 ∈ H±kin,c, the salar produt (ψ±1 |ψ±2 )kin,c an be expressed by the Hc values ψ±1 (T ), ψ±2 (T )
at instant T in the following way
(ψ±1 |ψ±2 )kin,c = (ψ±1 (T ) |ψ±2 (T ))c , (4.16)
where the right hand side is independent of the hoie of the value of the T variable.
Due to assumption 6 of Setion IVA all the elements of the onstrution are ontinuous with respet to c. The
Hilbert spae of solutions to the quantum onstraint dened by the operator Cˆ is then given just by setting c = 0.
D. The salar produt between the solutions
The salar produt (·|·)c has been introdued in the subspae Span(epn(c),c |n ∈ N) ⊂ Hgr by delaring its matrix
in the basis {e
pn(c),c |n ∈ N}. It appears however, (as we show below) that this produt an be also dened in a
ompat way, namely,
(·|·)c = 2π(·|BˆΠˆc·)gr , (4.17)
where Πˆc is an operator dened in Span(epn(c),c |n ∈ N) by
Πˆcepn(c),c := pn(c)epn(c),c . (4.18)
Let us now derive the relation (4.17), thus realizing the 3rd step outlined in Setion III. To start with, let us substitute
into the identity
(Cˆgrep,cn(p) | ep′,cn′(p′)) = (ep,cn(p) | Cˆgrep′,cn′(p′)) (4.19)
valid for p, p′ ≥ 0, the ondition (whih also shows, that eah e
p,cn(p) ∈ Hgr is in the domain (after a losure of the
operator) of Cˆgr as Bˆ is boundend)
Cˆgrep,cn(p) = (cn(p)ˆI−
1
2
p
2Bˆ)e
p,cn(p) . (4.20)
The result of this operation is
(cn(p)− cn′(p′))(ep,cn(p) |ep′,cn′(p′)) =
1
2
(p2 − p′2)(e
p,cn(p)|Bˆep′,cn′(p′)) . (4.21)
whih implies in partiular, that
(e
pn(c),c|Bˆepn′(c),c) = 0 , whenever n 6= n′ . (4.22)
Furthermore,
(e
p,cn(p)|Bˆep,cn(p)) = lim
p
′→p
2
cn(p)− cn(p′)
p
2 − p′2 (ep,cn(p)|ep′,cn(p′)) =
1
p
dcn
dp
(4.23)
and in terms of the parametrization by (4.6), the produt equals
pn(c)(epn(c),c|Bˆepn(c),c) = (
dpn(c)
dc
)−1 . (4.24)
The omparison with the salar produt (·|·)c of (4.14) gives then (4.17) as we stated at the beginning of this subsetion.
The operator Πˆc an be expressed by the operators Bˆ and Cˆgr. We have
2Bˆ−1(cIˆ− Cˆgr)epn(c),c = p2n(c)epn(c),c = Π2cepn(c),c . (4.25)
Therefore in the Hilbert Hc dened by ompleting Span(epn(c),c |n ∈ N) ⊂ Hgr with respet to (·|·)c in whih the
operator 2Bˆ−1(cIˆ− Cˆgr) is self-adjoint, we an write
Πˆc =
√
2Bˆ−1(cIˆ− Cˆgr) , (4.26)
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and onlude that the salar produt (·|·)c is
(·|·)c = 2π(·|Bˆ
√
2Bˆ−1(cIˆ− Cˆgr)·)gr . (4.27)
To make the relation with (1.8) loser, we an endow the vetor subspae Span(e
pn(c),c |n ∈ N) of Hgr with a salar
produt (·|Bˆ·) and in that auxiliary Hilbert spae the operator 2Bˆ−1(cIˆ−Cgr) is also self adjoint and positive, so we
an understand its square root in (4.27) in the sense of this salar produt.
Remark: The spetral deomposition formula (4.8) has degenerate points suh that
dcn
dp
= 0 . (4.28)
whih are present at
p = 0 , c = cn(0) , n ∈ N . (4.29)
The orresponding funtions E0,cn(0), n ∈ N may be alled the zero modes, beause of the vanishing frequeny p.
The diulty related to the vanishing of the lefthand side of (4.28) is not relevant for us,as due to the assumption
that cn(0) 6= 0, there is no zero mode among the solutions to the quantum onstraint Cˆ− cIˆ (provided c is suiently
lose to 0). Nonetheless, let us onsider in this Remark, the quantum onstraint operator is Cˆ − cn(0)ˆI, to see if there
is a natural extension/limit of our framework, as c → cn(0). This happens to be indeed the ase, as eah zero mode
E0,cn(0) is the right limit (in the sense of the L
∞
topology in the spae of funtions R→ Hgr)
E0,cn(0) = lim
cցcn(0)
E±pn(c),c , (4.30)
taken along the urves onsidered in assumption 5. In onsequene a natural denition of its norm is
(E0,cn(c)|E0,cn(0))kin,cn(0) := lim
cցcn(0)
(E±pn(c),c|E±pn(c),c)kin,c =
dcn
dp
(0) = 0 , (4.31)
that solves the problem of the zero modes. One should however remember, that potentially there may exist inequivalent
ways of taking the zero mode limit, giving in priniple the result dierent than (4.31).
E. The Dira observables
As disussed already in the previous part of the artile, the operator Πˆ ⊗ Iˆ dened in Hkin = L2(R ⊗ Hkin) is a
quantum Dira observable, so is any operator of the form f(Πˆ)⊗ Iˆ.
Another lass of the Dira observables an be onstruted by the relational observable method (see (2.46)) from
any operator of the form
Fˆ = Iˆ⊗ Gˆ (4.32)
where Gˆ is an operator in Hgr.
The starting point of the onstrution is the integral (2.46), that is
FˆD(T,t) =
∫
dτe−iτCˆ ◦ Sym
(
| Πˆ⊗ Bˆ | Fˆ ◦ δ(Tˆ − tˆI)⊗ Iˆ
)
◦ eiτCˆ . (4.33)
This formula is dened up to an ambiguity in the symmetrization Sym, for whih we propose some natural hoie,
whih we introdue in two steps
Sym = Sym2 ◦ Sym1 (4.34)
as the omposition of two operations:
a) the rst one is a symmetrization with respet to Πˆ⊗ Bˆ
Sym1
(
| Πˆ⊗ Bˆ | ◦ Aˆ
)
=
√
| Πˆ⊗ Bˆ | ◦ Aˆ ◦
√
| Πˆ⊗ Bˆ | , (4.35)
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b) the seond one is
Sym2Aˆ = θ(Πˆ)Aˆθ(Πˆ) + θ(−Πˆ)Aˆθ(−Πˆ) , (4.36)
where θ is a Heaviside step funtion
θ(p) =
{
1 , if p > 0 ,
0 , otherwise.
(4.37)
Its lassial ounterpart is an identity for every F suh that F (T,Π = 0) = 0.
The resulting ombined symmetrization is of the form
Sym
(
| Πˆ⊗ Bˆ | ◦ Aˆ
)
= θ(Πˆ)
√
| Πˆ⊗ Bˆ | Aˆ
√
| Πˆ⊗ Bˆ | θ(Πˆ) + θ(−Πˆ)
√
| Πˆ⊗ Bˆ | Aˆ
√
| Πˆ⊗ Bˆ | θ(−Πˆ) . (4.38)
The omponent Sym2 is xed via imposing a simple onsisteny ondition, while onsidering a simple example
Fˆ = f(Πˆ)⊗ Iˆ , (4.39)
and the orresponding relational observable f(Πˆ)
D
(T,t). In the lassial theory, given an observable Γ ∋ γ = (T,Π, . . .) 7→
f(Π), the orresponding relational observable fDT,t (see (2.10)) equals f exept for Π = 0. In the ase at hand, however,
Hkin,Πˆ6=0 = Hkin therefore the ondition reads5
f(Πˆ)D(T,t) = f(Πˆ) . (4.40)
To arrive to this result, the hoie of the splitting 1 = θ(Π) + θ(−Π) is ruial. Otherwise, there would be mixing
between negative and positive eigenvalues p. Indeed, with this hoie, due to the formula (4.22,4.24)
(ψ | f(Πˆ)D(T,t)ψ′)kin =
∫
dc
∑
n,n′≥nc
dpn(c)
dc
dpn′(c)
dc
|pn(c)pn′(c)| 12
(
e
pn(c),c |Bˆ epn′(c),c
)
gr
· (4.41)
· (f(pn′(c))e−it(pn(c)−pn′(c))ψpn(c),cψ′pn′(c),c + f(−pn′(c))e
it(pn(c)−pn′(c))ψ−pn(c),cψ
′
−pn′(c),c)
=
∫
dc
∑
n≥nc
(
f(pn(c))ψpn(c),cψ
′
pn(c),c
+ f(−pn(c))ψ−pn(c),cψ′−pn(c),c
)
= (ψ|f(Πˆ)ψ′)kin ,
as required. In partiular, if f is identially 1, we have
1ˆD(T,t) = Iˆ . (4.42)
The rst omponent Sym1 of the symmetrization an be tested on a kinematial observable of the form
Fˆ = Iˆ⊗ Gˆ . (4.43)
The relational Dira observable GˆD(T,t) orresponding to it takes the form
GˆD(T,t) =
∫
dτe−iτCˆ ◦ (θ(Πˆ)|Πˆ| 12 δ(Tˆ − tˆI)|Πˆ| 12 θ(Πˆ)
+ θ(−Πˆ)|Πˆ| 12 δ(Tˆ − tˆI)|Πˆ| 12 θ(−Πˆ))⊗√Bˆ Gˆ√Bˆ ◦ eiτCˆ . (4.44)
We will see in the next subsetion, that this hoie is distinguished by a representation of eah Hilbert spae H±kin,c
as the spae of funtions T 7→ ψ˜(T ) ∈ Hgr.
5
In the ase at hand, pn(c = 0) 6= 0 therefore the part p = 0 of the spetrum is irrelevant.
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In terms of the spetral deomposition (4.7,4.8), GˆD(T,t) denes in Hkin a sesquilinear form
(ψ | GˆD(T,t)ψ′)kin =
∫
dc
∑
n,n′≥nc
dpn(c)
dc
dpn′(c)
dc
|pn(c)pn′(c)| 12
(
e
pn(c),c |Bˆ
1
2 GˆBˆ
1
2 e
pn′(c),c
)
gr
·
· (e−it(pn(c)−pn′(c))ψ
pn(c),cψ
′
pn′(c),c
+ eit(pn(c)−pn′(c))ψ−pn(c),cψ
′
−pn′(c),c)
(4.45)
dened by an operator in Hkin whih in terms of the spetral deomposition (4.8) Hkin =
∫ ⊕Hkin,c an be expressed
as a family of the operators (GˆD(T,t)c)c∈R. Indeed, given two ψ, ψ
′ ∈ Hkin,c,
ψ =
∑
n≥nn
(ψ+n e
ipn(c)T e
pn(c),c + ψ
−
n e
−ipn(c)T e
pn(c),c) , (4.46a)
ψ′ =
∑
n≥nn
(ψ′+n e
ipn(c)T e
pn(c),c + ψ
′−
n e
−ipn(c)T e
pn(c),c) , (4.46b)
we have
(ψ | GˆD(T,t)cψ)kin,c =
∑
n,n′≥nc
dpn(c)
dc
dpn′(c)
dc
|pn(c)pn′(c)| 12
(
e
pn(c),c |Bˆ
1
2 GˆBˆ
1
2 e
pn′(c),c
)
gr
·
· (e−it(pn(c)−pn′(c))ψ+n ψ′+n′ + eit(pn(c)−pn′(c))ψ−n ψ′−n′ ) .
(4.47)
This implies in partiular, that the operator preserves the positive/negative frequeny subspaes H±kin,c.
The above formula dening the observable GˆD(T,t)c appears quite ompliated. In the next subsetion we will see,
that this operator an be expressed in muh more ompat form, one we view the solutions to the onstraint as
unitarily evolving states in Hgr.
F. The onstraint as evolution in Hgr
The analysis presented in Setion IVC has shown, that the solutions to the quantum onstraint dened by the
operator Cˆ − cIˆ form the Hilbert spae H−kin,c ⊕H+kin,c (4.12), and the subspae H±kin,c onsists of funtions given by
(4.10). Furthermore, we have found that H±kin,c an be haraterized as the Hilbert spae of funtions
T 7→ ψ(T ) ∈ Hc = Span(epn(c),c |n ≥ nc) (4.48)
endowed with the salar produt (·|Bˆ
√
2Bˆ−1(cIˆ− Cˆgr)·)gr. These funtions are solutions to the equation
1
i
dψ±(T )
dT
= ±
√
2Bˆ−1(cIˆ− Cˆgr)ψ±(T ) , (4.49)
and the salar produt between two of them (denoted here as ψ± and ψ′±) is
(ψ± |ψ′±)kin,c = (ψ±(T )|Bˆ
√
2Bˆ−1(cIˆ− Cˆgr)ψ′±(T ))gr , (4.50)
where the righthand side is evaluated at any instant of T .
In onsequene, the Hilbert spae Hc is onstruted from the subspae of Hgr endowed with the new salar produt
(4.17). In the Hilbert spae Hc the operator 2Bˆ−1(cIˆ− Cˆgr) is diagonal in the orthogonal basis {epn(c),c , n ≥ nc} and
thus self-adjoint. More preisely, a solution to (4.48) is dened by any initial data ψ(0) ∈ Hc and the formula
ψ±(T ) = exp(±iT
√
2Bˆ−1(cIˆ− Cˆgr))ψ(0) . (4.51)
To view that evolution as dened diretly in the Hilbert spae Hgr, we use a unitary embedding
Bˆ
1
2 (2Bˆ−1(cIˆ− Cˆgr)) 14 : Hc → Hgr , (4.52)
image of whih we denote by H˜c ⊂ Hgr.
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That embedding maps the solutions to (4.49) into solutions ψ˜±(·) to the transformed equation
1
i
dψ˜±(T )
dT
= ±
√
2Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ− 12 ψ˜±(T ) . (4.53)
The domain of the operator 2Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ− 12 in H˜c is
Span(Bˆ
1
2 e
pn(c),c |n ≥ nc) . (4.54)
Via this map, eah Hilbert spae H±kin,c of solutions to the onstraint (Cˆ − cIˆ) is represented by funtions
ψ˜± : R → H˜c ⊂ Hgr ,
ψ˜±(T ) = exp(±iT
√
2Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ− 12 )ψ˜(0) ,
(4.55)
and the salar produt between them (evaluated at any instant of T ) equals
(ψ˜± | ψ˜′±) = (ψ˜±(T ) | ψ˜′(T )±)gr . (4.56)
One has to note however, that we do not know whether for given c, the funtions Bˆ
1
2 e
pn(c),c span a dense subspae
of Hgr. In onsequene H˜c may a priori be a proper subset of Hgr. Nevertheless, the operator 2Bˆ− 12 (cIˆ− Cˆgr)Bˆ− 12 is
still essentially self-adjoint as long, as we onsider it in H˜c.
The relational Dira observables (4.45) of the previous subsetion have in this representation a ompat form. To
write it, we will use the abbreviation Πˆc (4.18) for the operator
√
2Bˆ−1(cIˆ− Cˆgr), and
Π˜c :=
√
2Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ− 12 . (4.57)
The sesquilinear form (4.47) is dened by an operator whih preserves the spetral deompositionHkin =
∫ ⊕
dcH+kin,c⊕
H−kin,c of the onstraint operator Cˆ. The operator is given by a family of operators (GˆD±(T,t)c)c∈R, c ∈ R, dened,
respetively, in H±kin,c. Given two elements ψ±, ψ′± ∈ H±kin,c, represented by (4.51) the sesquilinear form (4.47)
assigns the following number
(ψ± | GˆD±(T,t)cψ′±)kin,c = (ψ±(t) | Πˆ
− 12
c Bˆ
− 12 GˆBˆ
1
2 Πˆ
1
2
c ψ
±(t))gr . (4.58)
Using the unitary embedding (4.52) and denoting its ation on ψ±, ψ′± by ψ˜±, ψ˜′± we an write this formula in even
simpler form
(ψ± | GˆD±(T,t)cψ′±)kin,c = (ψ˜±(t) | Gˆψ˜±(t))gr . (4.59)
Briey speaking the ation of this operator onsists in ating with Gˆ at the value of ψ˜± at T = t and evolving the
result. In this piture there is however a tehnial subtlety: the presene of the nontrivial orthogonal projetion
operator Pˆ : Hgr → Hc. The preise form of the quantum relational observable operator in the tilded representation
is
(GˆD±(T,t)cψ˜
±)(T ) = e±i(T−t)Π˜c Pˆ Gˆψ˜(t) . (4.60)
G. Disussion, the limit c→ 0
In previous subsetions we have haraterized the Hilbert spae Hkin,c (orresponding to the xed6 value of c) in
the spetral deomposition of the operator Cˆ and introdued the relational quantum Dira observables therein. The
funtions E
pn(c),c, n ∈ N, (4.10) are dened up to a resaling
E±pn(c),c 7→ eiα(±pn(c),c)E±pn(c),c . (4.61)
6
In a suitable neighborhood of 0.
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However, the denition of the Hilbert spae Hkin,c and the strutures we introdued to haraterize the resulting
theory are invariant with respet to that transformation. Also, due to the ontinuity of the map
(−c0,∞) ∋ c 7→ E±pn(c),c , (4.62)
there is a notion of the ontinuity in c of all the relevant strutures, namely of
(i) Hkin,c,
(ii) H˜c ⊂ Hgr,
(iii) Π˜c =
√
Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ− 12 .
Therefore, eventhough the point c = 0 is of the measure zero, the ontinuity makes the Hilbert spae Hkin,c=0, its
haraterization and the relational quantum observables uniquely dened.
The result takes the appearane of two opies of the Shrödinger-like quantum mehanis, whose states are pairs
of elements ψ˜+, ψ˜− ∈ H˜0 ⊂ Hgr, and their evolution (independent of eah other) is governed by two the generalized
Hamiltonian operators ±
√
−Bˆ− 12 CˆgrBˆ− 12 . The salar eld T plays the role of time, and the relational Dira observ-
ables derived from the kinematial observables, operators in Hgr are just the operators pulled bak from Hgr into the
subspae H0 and ating on the solutions to the generalized Shrödinger equation at a given instant of T .
The assumptions that dene the ontinuous ase are quite general, the key requirement is the disreteness of the
spetrum of eah of the operators
1
2p
2Bˆ + Cˆkin. The spei example of this ase is the LQC Ashtekar-Pawªowski-
Singh model of a FRW spaetime with negative osmologial onstant [19℄. There the operator Bˆ−1Cˆkin dened in
the domain Dgr is essentially self adjoint in the Hilbert spae obtained by introduing the new salar produt (· | Bˆ·)gr
in Hgr. That makes possible the Shrödinger-like onstrution of solutions to the quantum onstraint (2.34) relying
on equation (1.8). That simpler onstrution gives a quantum theory equivalent to the one derived in this setion.
Possibly, another lass of examples (modulo, perhaps some easy generalization) an be found in ase of a relativisti
partile in a stati spaetime.
It is worth noting, that in the spetral deomposition (4.8) of the operator Cˆ there are degenerate points orre-
sponding to the frequeny p = 0 and the eigenvalues ... < cn(0) < ... < c1(0) = −c0 < 0 whih however are loated
away from the neighborhood of c = 0. Nonetheless, we have also proposed an extension of the denition of eah
Hilbert spae Hkin,c to those points, by taking the limit c → cn(0) of the funtions E±pn(c),c and of their salar
produt (see Remark at the end of Setion IVD).
V. THE CONTINUOUS CASE
The departure point for our analysis is, similarly to the Setion IV, the framework speied via (2.322.47). We
apply it now to the ase speied (up to tehnial assumptions) in the point II of Setion III. The preise assumptions
are speied below, in Setion VA. Our goal is haraterization of the solutions to the quantum onstraint, as well
as haraterization of the relational quantum Dira observables.
A. Assumptions
1. In this setion the Hilbert spae is speied to be
Hgr = L2(R, dν0) , (5.1)
where ν0 is some measure, for example dν0(v) =
∑
n∈N δ(v − n)dv.
2. The domain Dgr ⊂ Hgr of the operators Cˆgr, Bˆ, Bˆ−1, Cˆp is the spae of smooth funtions of a ompat support
and is preserved by the operators.
7 Bˆ is bounded and positive. The ation of the operators is extended by the
duality to every funtion f : R→ C whih denes a linear funtional Dgr ∋ ψ 7→
∫
dν0(v)f(v)ψ(v).
7
In the ase of the example with the measure dν0(v) =
P
n∈N δ(v − n)dv, we drop the requirement of the smoothness in v.
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3. For every p ≥ 0, the operator Cˆp (2.41) has absolutely ontinuous spetrum R, and its spetral deomposition
onsists of 1-dimensional Hilbert spaes. Furthermore, there exists a, normalized to the Dira delta, basis
{ep,c : c ∈ R} of Hgr, where every ep,c : R → C is an eigenfuntion of the operator Cˆp with the eigenvalue c,
that is ∫
dν0(v)ep,c(v)ep,c′(v) = δ(c− c′) , Cpep,c = cep,c . (5.2)
The eigenfuntions ep,c are hosen in suh a way that (p, c) 7→ ep,c(v) is a ontinuous funtion at every v ∈ R.
4. There exits a funtion a : R+ × R→ R and a onstant b ∈ R suh that
lim
V→∞
∫ V
−V
dν0(v)
(
ep,c(v)Cˆgrep′,c(v) − Cˆgrep,c(v)ep′,c(v)
)
= b sin(a(p, c)− a(p′, c)) . (5.3)
5. The operator Bˆ extended to the spae spanned by ep,c satises
lim
V→∞
∫ V
−V
dν0(v)
(
ep,c(v)Bˆep′,c(v) − Bˆep,c(v)ep′,c(v)
)
= 0 , (5.4)
lim
V→∞
∫ V
−V
dvf(v)Bˆf(v) ≥ 0 , (5.5)
(5.6)
and the map
(p, p′) 7→ lim
V→∞
∫ V
−V
dvep,c(v)Bˆep′,c(v) (5.7)
is well dened and ontinuous.
6. The funtion a and the funtion c : (p, c′) 7→ c′ form a dierentiable oordinate system in R+ × R.
Remark The ondition (5.3) is a generalization of the symmetry of the operator Cˆgr onto the spae of the non-
normalizable funtions ep,c.
B. The spetral deomposition of the onstraint operator Cˆ.
The rst step toward solving the quantum onstraint is deriving from the spetral deomposition (2.42) the de-
omposition (2.44) of Hkin orresponding to the operator Cˆ (2.34). As a starting point we hoose the deomposition
(2.42) of the operator Πˆ followed by the deomposition of the operators Cˆp . From the assumptions listed in the setion
above it follows immediately that here the joint spetrum and the measure of the operators Πˆ and Cˆ are
Spec = R2 , dpdµp(c) = dpdc = dcdp . (5.8)
Combining it with (2.40) and applying both to (2.42) we an express that deomposition in the following, equivalent
way
Ψ(T ) =
1√
2π
∫
R2
dcdpψp,ce
ipT e|p|,c , (5.9)
where Hpc = C. The Hilbert spae Hkin = L2(R) ⊗ Hgr is then unitarily related with L2(R2) equipped with the
measure dpdc, that is
(ψ|ψ′)kin =
∫
R2
dcdpψp,cψ
′
p,c . (5.10)
This ompletes the spetral deomposition of the operator Cˆ.
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C. Solutions to the onstraint Cˆ − cˆI
Sine (as already pointed out in the ontext of the disrete ase) the measure dc in (5.9) the Lebesgue one, the
point c = 0 of the spetrum of the operator Cˆ is of measure 0. Hene, as explained in Setion IV, we x arbitrary
value c ∈ R and onsider the orresponding Hilbert spae Hkin,c whih an be identied with the solutions to the
onstraint Cˆ− cIˆ. We set c = 0 only in a nal step of the onstrution, rst making sure that the result is stable with
respet to the hanges of c.
The Hilbert spae Hkin,c dened by the deomposition (5.9) is onstruted out of the set {Ep,c | p ∈ R} of funtions
of the variables (T, v)
Ep,c(T, v) =
1√
2π
eipT e|p|,c(v) , (5.11)
and its salar produt (·|·)kin,c equals
(Ep,c|Ep′,c)kin,c = δ(p− p′) , (5.12)
where the Dira delta is dened with respet to the Lebesgue measure dp. One an see, that this Hilbert spae is
unitarily related in a natural way with the Hilbert spae of the formal integrals (see Setion II C)
Ψ =
∫ ∞⊕
−∞
dpΨ(p)Ep,c (5.13)
with the salar produt
(Ψ|Ψ′) =
∫ ∞
∞
dpΨ(p)Ψ′(p) . (5.14)
As in the disrete ase, we an split the Hilbert spae
Hkin,c = H+kin,c ⊕H−kin,c , (5.15)
where H+kin,c (H−kin,c) is spanned (in the integral sense) by the funtions Ep,c of p ≥ 0 (p ≤ 0).
In order to be able to view the elements of Hkin,c as funtions taking value in Hgr whih is endowed with a suitable
new salar produt, let us onsider the Hilbert spae of the formal integrals
ψ =
∫ ∞⊕
0
dpψ(p)ep,c (5.16)
equipped with the salar produt
(ψ|ψ′)c =
∫ ∞
0
dpψ(p)ψ′(p) , (5.17)
and denote the resulting Hilbert spae by Hc. Then, every Ψ± ∈ H±kin,c denes the map
R ∋ T 7→ Ψ±(T ) ∈ Hc . (5.18)
For every Ψ±1 ,Ψ
±
2 ∈ H±kin,c, the salar produt (Ψ±1 |Ψ±2 )kin,c an be expressed by the Hc values Ψ±1 (T ),Ψ±2 (T ) at
instant T in the usual way
(Ψ±1 |Ψ±2 )kin,c = (Ψ±1 (T ) |Ψ±2 (T ))c , (5.19)
where the right hand side is independent of the hoie of the value of the T variable.
Remark: The onstrution in this subsetion was performed in a way similar to the disrete ase desribed in Setion
IV. There is however a signiant dierene in omparison to that ase: the formal integrals should not be interpreted
as the atual integrals. In partiular, the formal integral (5.13) should not be identied with a funtion
(T, v) 7→
∫ ∞
−∞
dpΨ(p)Ep,c(T, v) , (5.20)
even when a latter one is well dened. Also an element ψ ∈ Hc an not be identied with a funtion
v 7→
∫ ∞
0
dpψ(p)ep,c(v) . (5.21)
The reason for this lak of the orrespondene will beome lear in the next subsetion.
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D. The salar produt between the solutions
The salar produt (·|·)c in the spae of formal integrals (5.16) has been introdued in the previous subsetion just
by a delaration  (5.17). Below we will show, that this produt an be interpreted in terms of the Hilbert spae Hgr
similarly to the disrete ase. The dierene in the struture of the spetrum of Cˆ indues here however an important
dierene with respet to the former ase.
Our starting point in nding the relation is the assumed property
lim
V→∞
∫ V
−V
dv
(
ep,c(v)Cˆgrep′,c(v) − Cˆgrep,c(v)ep′,c(v)
)
= b sin(a(p, c)− a(p′, c)) , (5.22)
ombined with the extended symmetry (5.4) of the operator Bˆ and the asymptoti properties of the funtions ep,c
given by
Cˆgrep,c = (cIˆ− 1
2
p
2Bˆ)ep,c . (5.23)
Applying the above elements we arrive to the equality
lim
V→∞
∫ V
−V
dv ep,c(v)Bˆep′,c(v) = 2b
sin(a(p, c)− a(p′, c))
p
2 − p′2 . (5.24)
Taking the limit p
′ → p, we obtain ∫ ∞
−∞
dv ep,c(v)Bˆep,c(v) =
b
p
∂a(p, c)
∂p
. (5.25)
This result means in partiular, that if we introdue in the Hilbert spae Hgr a new salar produt (· | ·)Bˆ and take
the ompletion, or equivalently, in the spae of funtions dened on R introdue the following salar produt
(f |g)
Bˆ
:=
∫ ∞
−∞
dvf(v)Bˆg(v) , (5.26)
then the funtion ep,c is normalizable (with respet to it) for every c and every p > 0. (The point p = 0 is of the
spetral deomposition measure zero and hene not relevant.)
Finally, omparing (5.24) with (5.26) we arrive to the salar produt for two dierent p, p′,
(ep,c | ep′,c)Bˆ = 2b
sin(a(p, c)− a(p′, c))
p
2 − p′2 . (5.27)
In general, the right hand side is not zero. However, given a value a′ of the funtion a (and given in this subsetion
c ∈ R) there is a distinguished set of the values taken by the label p labelling the funtions ep,c, namely
Rc,a′ = {p ∈ R+ : (a(p, c)− a′) ∈ πZ} . (5.28)
The orresponding funtions
{ep,c : p ∈ Rc,a′} (5.29)
are orthogonal to eah other, speially
(ep,c | ep′,c)Bˆ =
b
p
∂a(p, c)
∂p
δp,p′, (5.30)
where δ·,· is the Kroneker delta. It is suient to restrit the values a′ in the denition of Rc,a′ to the interval
a′ ∈ [0, π). The properties of the funtions ep,c justify Remark made at the end of the previous subsetion, whih
pointed out dierenes between urrent ontinuous ase and the disrete one studied in the previous setion. To derive
a representation of the Hilbert spae Hc analogous to that of Setion IV we go bak to the formal integral (5.16) and
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the salar produt (·|·)c (5.17), and hange the variable of the integration for the funtion a. This way we get
ψ =
∫ ∞⊕
0
dpψ(p)ep,c =
∫ ⊕
[0,pi)
da
∑
p∈Rc,a
(∣∣∣∣∂a(p, c)∂p
∣∣∣∣
− 12
ψ(p)
)(∣∣∣∣∂a(p, c)∂p
∣∣∣∣
− 12
ep,c
)
=
∫ ⊕
[0,pi)
da
∑
p∈Rc,a
ψˇ(p)eˇp,c ,
(5.31a)
(ψ|ψ′)c =
∫ ⊕
[0,pi)
da
∑
p∈Rc,a
ψˇ(p)ψˇ′(p) , (5.31b)
where ψˇ(p) and, respetively, eˇp,c are dened by the fators in the paratheses in the 1st line of (5.31a).
The salar produt (·|·)c an be expressed by the produt (·|·)Bˆ via the relation (5.30)
(ψ|ψ′)c =
∫
[0,pi)
da
b
(
∑
p∈Rc,a
ψˇ(p)eˇp,c |
∑
p
′∈Rc,a
p
′ψˇ′(p′)eˇp′,c)Bˆ . (5.32)
The emerging struture an be desribed as follows. For every a ∈ [0, π) introdue the vetor spae Span(ep,c | p ∈
Rc,a) and endow it with an operator
Πˆc,aep,c := pep,c (5.33)
and with the salar produt
(ψ|ψ′)c,a := (ψ|Πˆc,aψ′)Bˆ . (5.34)
Denote the resulting Hilbert spae by H(a)c . Then every formal integral (5.31a) beomes an integral of vetors ψ(c,a)
ψ =
∫ ⊕
[0,pi)
ψ(c,a) , ψ(c,a) =
∑
p∈Rc,a
ψˇ(p)eˇp,c ∈ H(a)c (5.35)
and the salar produt reads
(ψ |ψ′)c =
∫
[0,pi)
da
b
(ψ(c,a)|ψ′(c,a))c,a . (5.36)
As in the previous setion we note, that the operator Πˆc,a an be expressed in terms of the operators Cˆgr and Bˆ via
Πˆc,aep,c =
√
2Bˆ−1(cIˆ− Cˆgr) ep,c , p ∈ Rc,a . (5.37)
E. The Dira observables
Let us now fous on the onstrution of the Dira observables. As in the disrete ase the operator Πˆ ⊗ Iˆ dened
in Hkin = L2(R)⊗Hkin is a quantum Dira observable as well as any f(Πˆ)⊗ Iˆ.
Here we will onsider the lass of the Dira observables onstruted (via the very same tehnique as the one used
in Setion IVE) by the relational observable method (see (2.46)) from all the operators
Fˆ = Iˆ⊗ Gˆ , (5.38)
where Gˆ is an operator in Hgr.
The general formula for the observable (2.46) reads
FˆD(T,t) =
∫
dτe−iτCˆ ◦ Sym
(
| Πˆ⊗ Bˆ | ◦ Fˆ ◦ δ(Tˆ − tˆI)⊗ Iˆ
)
◦ eiτCˆ , (5.39)
26
where the symmetrization Sym is the one dened already in Setion IVE. Sine in the disrete ase it leads to lear
and physially reasonable results we apply it also here without hange. Given this, in the ase of the kinematial
observable Fˆ = Iˆ⊗ Gˆ, the relational quantum Dira observable GˆD(T,t) is given by
GˆD(T,t) =
∫
dτe−iτCˆ
(
θ(Πˆ)|Πˆ| 12 δ(Tˆ − tˆI)|Πˆ| 12 θ(Πˆ) + θ(−Πˆ)|Πˆ| 12 δ(Tˆ − tˆI)|Πˆ| 12 θ(−Πˆ)
)
⊗
√
BGˆ
√
BeiτCˆ . (5.40)
In terms of the spetral deomposition (5.9), the sesquilinear form GˆD(T,t) in Hkin reads
(ψ | GˆD(T,t)ψ′)kin =
∫ ∞
−∞
dc
∫ ∞
0
dp
∫ ∞
0
dp′(e−it(p−p
′)ψp,cψ
′
p
′,c + e
it(p−p′)ψ−p,cψ′−p′,c)·
·
∫
dvep,c(v)Bˆ
1
2 GˆBˆ
1
2 ep′,c(v)
√
pp
′
(5.41)
and indues a sesquilinear form of the spae of solutions to the onstraint Cˆ − cIˆ. Indeed, given two solutions
ψ(T ) =
1√
2π
∫ ∞⊕
0
dp(ψ+(p)eipT ep,c + ψ
−(p)e−ipT ep,c) , (5.42a)
ψ′(T ) =
1√
2π
∫ ∞⊕
0
dp′(ψ′+(p′)eip
′T ep′,c + ψ
′−(p′)e−ip
′T ep′,c) , (5.42b)
we have
(ψ | GˆD(T,t)cψ′)kin,c =
∫ ∞
0
dp
∫ ∞
0
dp′
√
pp
′
∫
dvep,c(v)Bˆ
1
2 GˆBˆ
1
2 ep′,c(v)·
(e−it(p−p
′)ψ+(p)ψ′+(p′) + eit(p−p
′)ψ−(p)ψ′−(p′) .
(5.43)
Finally, we an apply the deomposition into the subspaes H(a)c , obtaining
(ψ | GˆD(T,t)cψ′)kin,c =
∫
[0,pi)
da
∫
[0,pi)
da′
∑
p∈Rc,a
∑
p
′∈Rc,a′
√
pp
′(eˇp,c | Bˆ− 12 GˆBˆ 12 eˇp′,c)Bˆ ·
(
e−it(p−p
′)ψˇ+(p)ψˇ′+(p′) + eit(p−p
′)ψˇ−(p)ψˇ′−(p′)
)
.
(5.44)
This formula immediately implies the quite peuliar property of dened observable, namely the presene of the ross
terms a 6= a′, whih breaks the diagonality of the integral on the right hand side. That property makes even the
(supposedly) trivial ase of Gˆ = Iˆ, quite non-trivial. Indeed, the relational Dira observable 1ˆD(T,t) orresponding to it
is given by
(ψ | 1ˆD(T,t)ψ′)kin =
∫ ∞
−∞
dc
∫ ∞
0
dp
∫ ∞
0
dp′
√
pp
′(ep,c(v) |ep′,c)Bˆ·
(e−it(p−p
′)ψp,cψ
′
p
′,c + e
it(p−p′)ψ−p,cψ′−p′,c) .
(5.45)
However, the right hand side is not the identity beause
√
pp
′(ep,c(v) |ep′,c)Bˆ 6= δ(p− p′) , (5.46)
and instead is given by (5.27). The lassial origin/meaning of this property was explained in Setion II C.
F. The onstraint as evolution in Hgr
In the disrete ase it was possible to view the quantum onstraint dened by the operator Cˆ − cIˆ as a unitary
evolution (4.55) in the Hilbert spae Hgr of the kinematial degrees of freedom of the quantum geometry. Here we
derive an analogous haraterization for the solutions in the ontinuous ase.
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In order to do so we reall from Subsetions VC and VD, that the solutions to the quantum onstraint dened
by the operator Cˆ − cIˆ form the Hilbert spae H−kin,c ⊕ H+kin,c (5.15), and the subspaes H±kin,c onsist of the formal
integrals ∫ ∞⊕
0
dpψ(p)E±p,c (5.47)
of the funtions (5.11). Furthermore, eah element ψ± ∈ H±kin,c an be viewed as a funtion
R ∋ T 7→ ψ±(T ) =
∫ ⊕
[0,pi)
daψ(c,a)(T ) ∈
∫ ⊕
[0,pi)
daH(a)c , (5.48)
where the family of the Hilbert spaes H(a)c is dened by the salar produt (5.34) introdued in the vetor spae
Span(ep,c | p ∈ Rc,a). This means, that eah solution ψ± is a family of funtions labelled by a ∈ [0, π)
R ∋ T 7→ ψ±(c,a)(T ) ∈ H(a)c , (5.49)
where the salar produt between two solutions equals
(ψ± |ψ′±) =
∫
[0,pi)
da
b
(ψ±(c,a)(T ) |ψ′±(c,a)(T ))c,a , (5.50)
with the right hand side of this equality being independent of T .
In eah of the Hilbert spaes H(a)c , the operator 2Bˆ−1(cIˆ− Cˆgr) is dened on the domain Span(ep,c : p ∈ Rc,a) and
beomes an essentially self-adjoint, positive operator 2Bˆ−1(cIˆ− Cˆgr)(c,a). (We will go bak to the global deniteness
of this and related operators at the end of this desription.) With use of this operator, every funtion (5.49) an be
written in the form
ψ±(c,a)(T ) = e±iT
q
2Bˆ−1(cˆI−Cˆgr)(c,a) ψ±(c,a)(0) . (5.51)
For eah of the Hilbert spaes H(a)c , a ∈ [0, π), there is a naturally dened unitary embedding into the Hilbert spae
Hgr
Bˆ
1
2 (2Bˆ−1(cIˆ− Cˆgr)c,a) 14 : H(a)c → Hgr . (5.52)
It maps (5.51) into
ψ˜±(c,a)(T ) = e
±iT
r
2Bˆ−
1
2 (cˆI−Cgr)Bˆ−
1
2
(c,a) ψ˜±(c,a)(0) , (5.53)
where the operator 2Bˆ−1(cIˆ− Cˆgr)(c,a) is mapped into the operator 2Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ− 12 (c,a) dened in the domain
Span(Bˆ
1
2 ep,c | p ∈ Rc,a) . (5.54)
The image of the map H(a)c → Hgr (5.52), denoted here by H˜(a)c , is the ompletion of Span(Bˆ 12 ep,c | p ∈ Rc,a) ⊂ Hgr,
and is a proper subspae of Hgr. For two dierent a 6= a′, the orresponding subspaes satisfy
H˜(a)c 6= H˜(a
′)
c , H˜(a)c 6 ⊥ H˜(a
′)
c . (5.55)
Let us disuss now the denitions of the operators 2Bˆ−1(cIˆ− Cˆgr)(c,a), 2Bˆ− 12 (cIˆ− Cˆgr)Bˆ−
1
2
(c,a) as well as the operators
2Bˆ−1(cIˆ − Cˆgr), 2Bˆ− 12 (cIˆ − Cˆgr)Bˆ− 12 . For that we employ the Assumption 2. Eah of the operators Bˆ, Bˆ−1, Cˆgr is
dened by the extension of the orresponding operator dened originally in the domain Dgr, onto the spae D∗gr of
funtions f : R→ C dual to the domain Dgr in the sense of the measure ν0. Moreover, eah of the extended operators
preserves D∗gr, beause the original operators preserve Dgr . The omposition of the extended operators denes the
operator Bˆ−1(cIˆ−Cˆgr), and eah funtion ep,c is the eigenfuntion of this operator orresponding to the eigenvalue p2.
The restrition of the operator 2Bˆ−1(cIˆ − Cˆgr) to the vetor spae Span(ep,c : p ∈ R(c,a)), given (c, a), denes a self
adjoint, positive operator in the Hilbert spae H(a)c whih has a well dened square root. The operator 2Bˆ−1(cIˆ− Cˆgr)
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dened in D∗gr admits (by the restrition) an ation in a subspae of the Hilbert spae Hgr,Bˆ dened by introduing
in Hgr the new Hilbert produt (· |Bˆ ·) and taking the ompletion. This restrition oinides with the operator
2Bˆ−1(cIˆ− Cˆgr)† adjoint in Hgr,Bˆ to 2Bˆ−1(cIˆ− Cˆgr) onsidered in the domain Dgr. But this operator is not symmetri
and its square root is not well dened either. Eah operator 2Bˆ−
1
2 (cIˆ−Cgr)Bˆ−
1
2
(c,a) is dened just as the transformation
of 2Bˆ−1(c − Cˆgr)(c,a) by the map (5.52). A single operator in Hgr, whose restrition to Span(Bˆ 12 ep,c : p ∈ Rc,a) is
2Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ−
1
2
(c,a) an be dened as the transformation of the operator 2Bˆ
−1(cIˆ− Cˆgr)† by (5.52). The result an
be dened in the equivalent way as follows. In the domain Bˆ
1
2Dgr ⊂ Hgr onsider the operator 2Bˆ− 12 (cIˆ− Cˆgr)Bˆ− 12 .
The adjoint [2Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ− 12 ]† is then the operator we seek.
In summary, given c ∈ R, we dened a family (H˜(a)c )a∈[0,pi) of subspaes of Hgr. In Hgr the operator [2Bˆ− 12 (cIˆ −
Cgr)Bˆ
− 12 ]† is well dened, but not symmetri. However its restrition to eah of the spaes
D(a)c := Span(Bˆ
1
2 ep,c | p ∈ Rc,a) (5.56)
denes an essentially-self adjoint and positive operator in the orresponding ompletion H˜(a)c ⊂ Hgr. Every solution
(5.51) is mapped by (5.52) into ψ˜,
R ∋ T 7→ ψ˜±(T ) =
∫ ⊕
[0,pi)
daψ˜(c,a)(T ) ∈
∫ ⊕
[0,pi)
daH˜(a)c , (5.57)
where eah omponent ψ˜±(c,a)(T ) is dened by (5.53) and the salar produt between two solutions ψ±, ψ′± ∈ is
(ψ±|ψ′±)kin,c =
∫
[0,pi)
da(ψ˜±(c,a))(T ) | ψ˜′±(c,a))(T ))gr . (5.58)
Up to this point, we ould say that every solution to the quantum onstraint in the ontinuous ase an be viewed
as a family of solutions similar to those enountered in the disrete one, with the extra integral with respet to a in
the salar produt. In partiular, the evolution (5.53) dened by the onstraint Cˆ − cIˆ in the ase onsidered here
redues to eah of the subspaes H˜(a)c , independently of the others.
However, as if was shown in Setion VE, the relational Dira observables break the diagonality of this piture, sine
they have non-zero ross terms between two dierent spaes H˜(a)c and H˜(a
′)
c . Indeed, in terms of the formula (5.57),
given two solutions ψ and ψ′ to the quantum onstraint Cˆ − cIˆ and the orresponding transformed funtions ψ˜ and
ψ˜′, the Dira observable (5.44) dened by a kinematial observable Gˆ in Hgr takes the following form
(ψ | GˆD(T,t)cψ′)kin,c =
1
b2
∫
[0,pi)
da
∫
[0,pi)
da′
(
ψˇ±(c,a)(t) | Gˆψˇ′±(c,a′)(t)
)
gr
. (5.59)
Also the map Πˆ⊗ Iˆ 7→ ΠˆD(T,t) is no longer the identity, namely
(ψ | ΠˆD(T,t)ψ′)kin,c =
1
b2
∫
[0,pi)2
dada′(ψ˜(c,a) | Π˜c,a′ψ˜(c,a
′))gr . (5.60)
G. Disussion, the limit c→ 0
In the previous subsetions we have desribed, for arbitrarily xed value of c, the orresponding Hilbert spae
Hkin,c in the spetral deomposition of the operator Cˆ as well as we have introdued the relational quantum Dira
observables therein.
As in the disrete ase, the ambiguity in the denition of the funtions Ep,c,
Ep,c 7→ eiα(p,c)Ep,c, (5.61)
does not aet the denition of Hkin,c nor any other struture we introdued to haraterize it.
The ontinuity of the map
c 7→ Ep,c (5.62)
provided by assumption 3, ensures the ontinuity in c of the Hilbert spae Hkin,c, therefore the Hilbert spae Hkin,0
is uniquely dened, as well as are the relational Dira observables therein. There is also the ontinuity in c of the
strutures we have introdued to haraterize the resulting quantum theory, namely
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(i)
∫ ⊕pi
0
daH˜(a)c = Span(Bˆ 12 ep,c | p ∈ Rc,a) ⊂ Hgr, a ∈ [0, π),
(ii) Π˜c,a =
√
Bˆ−
1
2 (cIˆ− Cˆgr)Bˆ−
1
2
(c,a).
Although there exist degenerate points in the denition of individual Hilbert spaes H(a)c similar to those in the
disrete ase, the integral along [0, π) smooths them out.
The resulting quantum theory is dened independently in two opies of the formal integral
∫ ⊕pi
0
daH(a)0 of a
family of subspaes H˜(a)0 ⊂ Hgr. In eah opy the dynamis if dened by a family of the Hamiltonian operators
(±
√
−Bˆ− 12 (Cˆgr)Bˆ−
1
2
(0,a))a∈[0,pi). Whereas the dynamis in eah term H
(a)
c of the formal integral is dened indepen-
dently of the other terms, the relational Dira observables mix dierent terms H(a)c .
An expliit example of Case II is the LQC Ashtekar-Pawªowski-Singh model of the FRW spaetime with the
positive osmologial onstant [17℄. In that ase the analysis based on the Shrödinger piture (1.8), whih uses the
operator Bˆ−1Cˆgr as the evolution one, faes a tehnial problem: the operator is not essentially self adjoint and admits
inequivalent self-adjoint extensions. In fat, the 1-dimensional family of the spaes Span(ep,c | a(p, c)−a′ = πn, n ∈ Z)
we introdue for every a′ ∈ [0, π), orresponds exatly to the 1-dimensional family of the inequivalent self-adjoint
extensions of Bˆ−1Cˆgr. The approah (1.8) gives a result essentially dierent than the one found here: it fores us to
hoose one of the self-adjoint extensions. The resulting theory is then formed by two opies (the positive/negative
frequenies) of the Shrödinger like quantum mehanis dened in the subspae H(a)0 ⊂ Hgr orresponding to an
arbitrarily xed a ∈ [0, π). The Hamiltonian operator is ±
√
−Bˆ− 12 (Cˆgr)Bˆ−
1
2
(0,a) and the relational observables do not
have any option to mix two dierent subspaes H(a)0 and H(a
′)
0 , for a 6= a′. In onsequene, by onstrution, we have
there
1ˆD(T,t) = Iˆ . (5.63)
From the point of view of the known, orresponding lassial theory, for as long as we presribe the fundamental
role in desribing the evolution to the internal time, that result is inorret, beause the relational observable 1D(T,t)
onstruted from the onstant funtion 1 is either 1 or zero, depending on whether T takes the value t at a given
trajetory or not. On the other hand, when taking the approah, that the notion of time (loks) should be provided
by the dynamial elds, one nds, that the lassial trajetory admits a unique analyti extension, whih ompletes
it to entire T ∈ R [17℄.
The apparent dierene between the results obtained in the Shrödinger piture and the group averaging approah
has the following reason. In the former approah the hoie of the partiular self-adjoint extension orresponds
to supplying an additional data into the system: the reetive ondition in v = ∞ (see [17℄). This allows to
deterministially extend the evolution to all T . On the other hand the latter approah, by its very denition,
we avoid supplying this additional data, instead evolving all the possibilities at one. That leads to the loss of of
ompleteness of the set of observables f(vˆ)D(T,t) given by funtions f of the operator vˆ. That means, that from a set
of expetation values
〈f(vˆ)DT,t〉 (5.64)
at a given t, we an not predit the values
〈f(vˆ)DT,t′〉 , t′ 6= t . (5.65)
However one should stress, that the evolution of eah observable GˆD(T,t) in t is unitary. The issue of the ompleteness
loss will be addressed in detail in the future work.
VI. DISCUSSION
In this paper we onsidered a quantum theory with a general onstraint operator of the form
Cˆ = − ∂
2
∂T 2
⊗ Bˆ − Iˆ⊗ Hˆ. (6.1)
enountered for example in LQC. The issue we addressed was the uniqueness and the properties of physial Hilbert
spaes and observables one an dene within suh theories. For that purpose we ompared two onstrutions:
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(i) the Shrödinger evolution piture used for example in [16℄, in whih the onstraint is reinterpreted as (1.8) and
(ii) the systemati proedure using the spetral deomposition of the ontraint operator, a speial ase of the group
averaging.
Due to dierent mathematial properties of the (parametrized by Π ∈ R) operators Cˆp := 12p2Bˆ + Cˆgr we restrited
the omparison to two ases in whih spetra of Cˆp are, respetively, disrete and absolutely ontinuous. Moreover, in
the ontinuous ase we assumed the asymptoti properties of the eigenfuntions whih hold for example in the LQC
model the FRW spaetime oupled with the massless salar eld at the presene of positive osmologial onstant.
In the disrete ase the physial Hilbert spaes and the evolution piture (provided by onstruted family of partial
observables) for both listed proedures oinide. In onsequene for that ase speied methods are equivalent.
The situation hanges in the ontinuous ase. There, aording to the Shrödinger piture the evolution is not
unique, as the evolution operator Bˆ−1Cˆgr (the square root of whih plays there the role of a true Hamiltonian)
admits inequivalent self-adjoint extensions. On the other hand the onstraint operator Cˆ still remains essentially
self-adjoint, thus the group averaging provides us with a unique (up to standard ambiguities tied to the proedure)
Hilbert spae. The omparison of this spae with the ones orresponding to partiular self-adjoint extensions in the
Shrödinger piture shows that it is in a ertain integral sense (5.35) a union of all of the extensions. In onsequene
the physial evolution resulting from the group averaging an be understood as evolving all the extensions present
in the Shrödinger piture at one (in parallel). Sine the evolution piture dened in Setion VF does not mix the
subspaes orresponding to partiular extensions, at least at this level they seem to look as the superseletion setors.
The situation ompliates however, when we onsider the observables. In the disrete ase the onstrution following
from GA and speied in Setion IV leads to operators, whih oinide with the analogous operators onstruted for
the Shrödinger piture via method following from the initial value formulation (see [16℄). Both pitures would then
predit exatly the same dynamis of a given physial system. In the ontinuous ase however both the pitures start
to dier. In the Shrödinger one all the observables are onstruted on eah of the Hilbert spaes orresponding to
partiular extensions of the evolution operator separately. Therefore they do not mix these extensions by denition.
On the other hand the GA onstrution results here in the operators, whose ation mixes the subspaes orresponding
to the extensions, while the operators orresponding to the dierent times are still related via unitary transformations.
Therefore pointed subspaes annot be onsidered the superseletion setors anymore. Furthermore the presene of
the 'nondiagonal'  extension mixing terms in the operators might in priniple indiate a possible dierene in the
dynamial preditions. This problem however has to be addressed in the ontext of partiular examples, as the answer
may strongly depend on the partiular form and detailed spetral properties of the involved operators.
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APPENDIX A: CONTINUOUS SPECTRAL DECOMPOSITION
Here we briey sketh the methods of singling out the spae Hkinρ0 , whih are presented in detail in [3℄. For that, let
us introdue an ommutative Von Neumann algebra W that is an intersetion of ommutant and double ommutant
of the onstraints. Now we need to hoose an C∗ algebra A ⊂ W , a dense subspae D ⊂ H and a state µ on A. Sine
our algebra is ommutative one an identify it with an algebra of ontinuous funtions on some ompat spae K and
state with a measure on it. We assume that the following onditions are satised:
• A is separable and its weak losure is equal to W .
• For a pair φ, φ′ ∈ D let us dene a omplex measure µφ,φ′ on K by
µφ,φ′(A) = 〈φ, Aφ′〉 , A ∈ A . (A1)
We assume that µφ,φ′ is absolutely ontinuous with repset to µ and its Radon-Nikodym derivative is a ontinuous
funtion on K.
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This unambiguously dene Hilbert spaes in diret integral. However onstrution depends on the hoie made.
Measure theoreti version in hoie independent.
In ase of ommuting quantum onstraints CˆI , I = 1, ..., d we take as A an algebra of bounded ontinuous funtions
of CˆI . In ases onsidered in this paper in some neighbourhood of ρ0 all Hkinρ will be isomorphi. In suh a ase, it
aounts for the hoies we made.
In the ase we are onsidering
D = span{δv : v ∈ R} ⊗ C∞0 (R) , (A2)
and it also have a natural struture of a nulear spae [3℄. We introdue also a notion
Dgr = span{δv : v ∈ R} , (A3)
that is also a nulear spae (as an limit of nite dimensional Hilbert spaes).
We assume some ontinuity of the Dira observables FˆD. Namely, we assume the ontinuity of FˆD(ψρ)ρ with respet
to ρ on the vetors from D i.e distribution kernel of F should be a ontinuous funtion. By formal denition we an
take absolute ontinuity of the measure
A⊗A ∋ A⊗ A′ →
〈
φ, AFˆDA′ φ′
〉
(A4)
dened on K ×K with respet to µ× µ. We assume Radon-Nikodym derivative to be ontinuous.
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